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Preface 


It is rarely taught in an undergraduate, or even graduate, curriculum 
that the only conformal maps in Euclidean space of dimension greater 
than 2 are those generated by similarities and inversions (reflections) 
in spheres. This contrasts with the abundance of conformal maps in 
the plane, a fact which is taught in most complex analysis courses. 
The principal aim of this text is to give a treatment of this paucity of 
conformal maps in higher dimensions. The result was proved in 1850 
in dimension 3 by J. Liouville [22]. In Chapter 5 of the present text 
we give a proof in general dimension due to R. Nevanlinna [26] and 
in Chapter 6 give a differential geometric proof in dimension 3 which 
is often regarded as the classical proof, though it is not Liouville’s 
proof. For completeness, in Chapter 4 we develop enough complex 
analysis to prove the abundance of conformal maps in the plane. 


In addition this book develops inversion theory as a subject along 
with the auxiliary theme of “circle preserving maps”. 


The text as presented here is at the advanced undergraduate level 
and is suitable for a “capstone course”, topics course, senior seminar, 
independent study, etc. The author has successfully used this mate- 
rial for capstone courses at Michigan State University. One particular 
feature is the inclusion of the paper on circle preserving transforma- 
tions by C. Carathéodory [6]. This paper divides itself up nicely into 
small sections, and students were asked to present the paper to the 
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class. This turned out to be an enjoyable and profitable experience 
for the students. When there were more than enough students in the 
class for this exercise, some of the students presented Section 2.8. 


The author expresses his appreciation to Dr. Edward Dunne and 
the production staff of the American Mathematical Society for their 
kind assistance in producing this book. 


Chapter 1 


Classical Inversion 
Theory in the Plane 


1.1. Definition and basic properties 


Let C be a circle centered at a point O with radius r. If P is any 
point other than O, the inverse of P with respect to C is the point 
P’ on the ray OP such that the product of the distances of P and P’ 
from O is equal to r?. Inversion in a circle is sometimes referred to 
as “reflection” in a circle; some reasons for this will become apparent 
as we progress. 


Clearly if P’ is the inverse of P, then P is the inverse of P’. Note 
also that if P is in the interior of C, P’ is exterior to C, and vice- 
versa. So the interior of C except for O is mapped to the exterior and 
the exterior to the interior. C itself is left pointwise fixed. O has no 
image, and no point of the plane is mapped to O. However, points 
close to O are mapped to points far from O and points far from O 
map to points close to O. Thus adjoining one “ideal point”, or “point 
at infinity”, to the Euclidean plane, we can include O in the domain 
and range of inversion. We will treat this point at infinity in detail 
in Section 2.2. 


_| 
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We denote by PQ the length of the line segment PQ. The simi- 
larity and congruence of triangles will be denoted by ~ and = respec- 
tively. 

Given C, note the ease with which we can construct the inverse 
of a point P. If P is interior to C, construct the perpendicular to OP 
at P meeting the circle at T; the tangent to C at T then meets OP 
at the inverse point P’ (Figure 1.1). ‘To see this, simply observe that 
AOPT ~ AOTP’ and hence 


OP. OT 
Or OP’ 
Therefore OP OP’ = OT = 2. If P is exterior to C, construct a 


tangent to C from P meeting C at T; the perpendicular from T to 
OP meets OP at the inverse point by virtue of the same argument. 


Figure 1.1 


A common alternate construction of the inverse point is the fol- 
lowing. Construct the diameter of C perpendicular to OP at O meet- 
ing C at points N and S. Draw NP meeting C at Q and draw SO 
meeting OP at P’ (Figure 1.2). Then ANOP ~ ANQS ~ AP'OS 
and-henee OP/ON = OS/OP’ giving OP -OP°= ON . OStS2. 
al P’ is the inverse of P. Here P may be interior or exterior 
ORC: 
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iN 


,- 


Figure 1.2 


Yet another construction of the inverse of a point is given by the 
following exercise: though more cornplicated. we will rake use of this 
construction in Chapter 2. 


EXERCISE 


Construct a radius of C perpendicular to OP at O meeting the circle at 
N. and construct the circle D with diarneter OV. Draw VP meeting 
D at Q. Draw the parallel to ON through @ reering D at O'. Show 
that the ray Ng meets OP at the inverse point P’. 


The first basic property of inversion that we will prove is that 


lines and circles as a class are rnapped to lines and circles. 


Theorem 1.1. 4, The inverse of a line through the center of inver- 
sion is the line itself. 

b) The mverse of a line not passing through the center of inver- 
sion is a circle passing through the center of inversion. 

c, The mverse of a corcle through the center of inversion is a line 
not passing through the center of inversion. 

d) The mverse of a circle not passing through the center of mver- 


sion is a circle not passing through the center of inversion. 
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Proof. Let C be the circle of inversion with center O and radius r. 
Since O is collinear with any pair of inverse points, a) is clear. For 
b), drop the perpendicular from O to the line meeting at P and let 
P’ be the inverse of P (Figure 1.3). 


Figure 1.3 


Let Q be any other point on the line and Q’ its inverse. Then 
OP - OP’ = 0Q-0Q' = r? or OP/OQ = OQ'/OP’, and hence 
AOPQ ~ AOQ'P’. Therefore ZOQ’P’ is a right angle, and hence 
Q’ is on the circle A of diameter OP’. Thus the image of the line 
lies in the point set of A; now reverse the argument to show that any 
point Q’ 4 O on A is the image of some point on the line. 


To prove c), let P be the point on the given circle diametrically 
opposite to O and extend, if necessary, this diameter to the inverse 
point P’ of P (in Figure 1.3 reverse the roles of P and P’ and Q and 
Q’). Let Q be any other point on the circle and Q’ its inverse. Again 
AOPQ ~ AOQ’P'. Therefore ZOP’Q’ is a right angle and hence Q’ 
is on the perpendicular to OP at P’ ; the result then follows as before. 


Finally to prove d), let A be the given circle with center A. If 
O = A the result is immediate, so assume O # A. Draw the line 
through O and A cutting A at P and Q, and let P’ and Q’ be the 
inverse points of P and Q respectively. Let R be any other point on 
A, and R’ its inverse (Figure 1.4). Then OP -OP’ = OR- OR!’ = r? 
and hence AOPR ~ AOR'P’. Similarly AOQR ~ AOR'Q’. Thus 
ZOPR= ZOR'P’ and ZOQR = ZOR’Q, but ZPRQ is a right angle 


1.1. Definition and basic properties 5 


and therefore 2P’R’Q’ is a right angle. Thus as the point R moves 
on A, R’ moves on the circle A’ with diameter P’Q’ and any point 
on A’ is the image of a point of A. O 


ZX \ 
al, 


Figure 1.4 


The second basic property of inversion is that a circle orthogonal 
to the circle of inversion inverts to itself. 


Theorem 1.2. Any circle through a pair of inverse points is orthog- 
onal to the circle of inversion; and, conversely, any circle cutting the 
circle of inversion orthogonally and passing through a point P, passes 
through its inverse P’. 


This theorem is an immediate consequence of the well known 
theorem in Euclidean geometry that a tangent to a circle from an 
external point is the mean proportional between the segments of any 
secant from the point. To see this, consider the segment PT of a 
tangent to a circle from an external point P making contact at T. 


6 1. Classical Inversion Theory in the Plane 


Let R and S be the intersection points of a secant from P (Figure 
5). Thea NPR A APT Swandihenes PR/PT = Pies. 


a 


P 


Figure 1.5 


Cerollary 1.1. A circle orthogonal to the circle of inversion inverts 
to itself. 


Corollary 1.2. Through two points P and Q in the interior of a 
circle C and not on the same diameter, there exists one and only one 
circle orthogonal to C. 


Remark. This last corollary is important for the Poincaré model 
of the hyperbolic piane. Consider a geometry whose points are the 
interior points of a circle C and whose lines are the diameters of C and 
arcs of circles orthogonal to C. The corollary assures the existeuce and 
uniqueness of a line through two given points. It is also easy to see 
that the parallel postulate of Euclidean geometry does not hold in 
this geometry. With some effort one can show that the other axioms 
of Euclidean geometry do hold in this geometry (see e.g. Greenberg 
[16]) and hence that the parallel postulate is independent of the other 
axioms of Euclidean geometry. 


The third basic property of inversion that we consider is its con- 
formality. Let C; and C2 be two differentiable curves meeting at a 
point P with tangent lines at P. (Recall that if a plane curve is given 
parametrically by 2 = x(t), y = y(t) with not both .’(to) and y’(to) 
equal to zero, then the curve has a tangent vector or velocity vector at. 
(x(ta), y(to)), namely x’(ty)i+y/(to)j in classical vector notation.) By 
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the angle between two curves we mean the undirected angle between 
their tangent vectors at P. A transformation T mapping a subset of 
the plane into the plane is said to be conformal at P if it preserves 
the angle between any two curves at P. T is said to be conformal if it 
is conformal at each point of its domain. Some authors require that 
the sense of angle be preserved as well as the magnitude, but here we 
define conformality in the wider sense; in fact, inversion reverses the 
sense of angles. 


Our proof of conformality will use a formula found in many calcu- 
lus texts, but since it is often omitted in first year courses, we briefly 
derive it here. Let (p,@) be polar coordinates in the plane, and con- 
sider a differentiable curve p = f(@). Let a be the angle of inclination 
of the tangent lines and ~ = a — @ (Figure 1.6); then 
ldp __ f'(@) 

—— or 


cot? = ; 
pao” F(6) 


Figure 1.6 


In cartesian coordinates the curve is given as x = pcos6, y = psin#g. 


Then 
dy _ dy/d0 _ (dp/d@)sin®@ + pcos 


dx dx/d@  (dp/d0)cos0 — psin@” 
Substituting this into 


tanas— 


tana — tané 
1+tanatandé 
and simplifying gives the desired formula. 


tan yw = 


Theorem 1.3. Inversion in a circle is a conformal map. 
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Proof. Let (p,@) be polar coordinates in the plane with the origin 
at the center of inversion and let r be the radius of the circle of 
inversion. Suppose that p = f;(@), i = 1,2, are two differentiable 
curves meeting at a point P. Let p = 9:(@), 7 = 1, 2, be the images 
of the two curves under inversion; then g;(0) = FO) Hy: Let w; and ¢; 
denote the undirected angle between the ray corresponding to @ and 
tangent to p = f;(0) and p = g;(@) respectively. Let 6 = wy. — y and 
B' = 2 — >, at P; we shall show that @ = 2B’ to within sign. Since 
gi(0) = 77/f;(0), we get 


(eae, ee) 
9) = TE gy?” 
and hence 1(0) a yo 
mee 
Sette = ray | AG) a 
Therefore 
cot 0’ = SOROS COW Os sae = —cot ZB = cot(—f). 


cot d; — cot dg 


EXERCISES 


1. Let O be a point on a circle with center C’ and suppose the inverse 
of this circle with respect to O as center of inversion intersects OG 
at the point A’. If C’ is the inverse of C, show that OA’ = A’C’. 


2. Find the equation of the circle that is the inverse of the line 
ax + by = c,c £ 0, under inversion in the circle x? + y? = 1. 


3. Let P, P’ and Q, Q’ be two pairs of points, inverse with respect 
to a circle C. Show that a circle passing through three of these points 
passes through the fourth. 


4. Let C; and C2 be two circles intersecting in two points P and Q. 
If C,; and Cy are both orthogonal to a third circle C3; with center O, 
show that O, P and Q are collinear. 


5. Given three collinear points O, P, P’ with O not between P and 
P’, construct a circle centered at O with respect to which P and P’ 
are inverse points. 
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6. Let P and Q be inverse points with respect to a circle A. Prove 
that inversion in a circle with center O # P,Q nor on A maps P and 
@ to points P’ and Q’ which are inverse with respect to the image 
circle A’. In particular. inversion is an inversive invariant. Hint: 
Consider two circles B and D passing through both P and Q but 
neither passing through O. 


7. Discuss the meaning of Exercise 6 when O is on A and when O is 
the point P or Q. 


8. Show that the inverse of the center of a circle A orthogonal to 
circle of inversion C is the midpoint of the common chord. More 
generally, show that the inverse of the center A of a circle A not 
through the center of inversion O is the inverse of O in the circle 
which is the inverse of A. (If O is exterior to A this is fairly easy 
using a tangent from O to A and its inverse. For a clever proof, use 
Exercise 7. Another proof can be given using the ideas of the next 
section. ) 


9. Let C be the circle x? + y? = 1 in the ry-plane; find the equation 
of the circle through (5,0), (0, $) orthogonal to C. 


10. Given circle C with center O, point P # O interior to C, and 
line / through P but not through O, construct the circle through P, 
tangent to / and orthogonal to C. 


11. Compass Construction of the Inverse: Given a circle C with 
center O and point P exterior to C. draw the circle centered at P and 
passing through O meeting C at R and S. Draw circles centcred at R 
and S and passing through O; let P’ be the other point of intersection 
of these circles. Prove that P’ is the inverse of P in the circle C. 


1-2. ‘Cross ratio 


Let AB denote the directed distance from A to B along a line 1; that is, 
we designate a positive direction or orientation on /, and AB = AB if 
the ray with initial point A containing B has the positive direction of 
the orientation and AB = —AB if the ray has the opposite direction. 
Clearly AB = —BA. 
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Lemma 1.1. /f A, B andC are collinear, then AB+ BO+CA=0. 


Proof. The proof is by cases. If C’ is between A and B, then AB oe 
AC + CB or AB- AC —- CB =0. Therefore AB+ BC +CA = 0. 
The proofs of the other cases are similar. O 


Lemma 1.2. Let AB be a segment of a line | and O any point of l. 
Then AB = OB —OA. 


Proof. 4B + BO + OA =0 by Lemma 1.1, and hence AB =OB- 
OA. Oo 


Let AB be asegment of a line! and P € |. P is said to divide AB 
in the ratio AP/PB. This ratio has several basic properties, which 
we now present. 

(1) The ratio is independent of the orientation of I. 

(2) The ratio is positive if P is between A and B, and negative 

if P is exterior to AB. 

(3) If AP/PB = AP'/P’B, then P = P’. 

Proof. We have 
AP+PB_ AP'+P'B 
PB P'B 


so by Lemma 1.1 


Therefore PB = P’B or BP = BP’, and hence P= P’. O 


(4) If r  —1, there exists a point P such that AP/ PBe=r. 
Proof. Consider the equation 


Te ies AP . 
AB — AP’ 
solving gives AP = TAB. Then, given r 4 —1, we can find 
the point P. im 
(5) lim ail =- 
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Proof. Indeed, 
a 
i 
AP 


O 


Suppose now that A, B, C and D are four distinct points on an 
oriented line /; we define their cross ratio (AB,CD) by 
AC/CB 
AD/DB 
Note that the cross ratio is positive if both C and D are between A 


and B or if neither C nor D is between A and B, whereas the cross 
ratio is negative if the pairs {A,B} and {C, D} separate each other. 


(AB,CD)= 


Given three distinct points A, B and C on | and a real number 


ial ~ac let D be the unique point dividing the segment AB 
in the ratio = 

1 AC 

BOB 


thus there exists a unique fourth point D such that (AB,CD) = uw. 


We say that four points on a line, A, B, C and D form a harmonic 
set (Figure 1.7) if 
(AB, CD) = -1. 


We denote a harmonic set of points by H(AB,CD) and we say that 
C and D are harmonic conjugates with respect to A and B. 


A C B [by 
Figure 1.7 


In Exercise 3 below one sees that (AB, DC) = (ABCD) and hence 
that the notion of harmonic conjugate is well defined: If D is the 
harmonic conjugate of C with respect to AB, C is the harmonic 
conjugate of D with respect to AB. 

If H(AB,CD), then the lengths of segments AC, AB, AD in 
this order form a harmonic progression. For if (AB,CD) = —1, then 
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a BD. DeGR=4B — AGaid BD SAD— AB saltiliience 


AB2AC. LAA 
AB eAC AD? AB 


Thus 


1 ol 
J ae 
AB 2 
that is, ae is the arithemetic mean of ra and — ap 5° 


Theorem 1.4. Let C be a circle with center O, and C and D a pair 
of points inverse with respect to C. Let A and B be the endpoints of 
the diameter through C and D. Then (AB,CD) = —1. Conversely, 
if A and B are the endpoints of a diameter and (AB,CD) = —1, then 
C and D are inverse points. 


AC — wap 
Proof. ap = = Be is equivalent to 
OC - O; OD-OA. 
OB — OC OB-—OD 


but OA = —OB, so that 
(OC + OB)(OB — OD) = —-(OD + OB)(OB — OC) 
or OC-OD=OB. Oo 


The following lemma is used here and in later applications. 


Lemma 1.3. Let C be a circle of inversion with center O and radius 
r. If P, P’ and Q, Q’ are pairs of inverse points, then 
PQ 


P'O' ii = 
o- Opaaa OQ: 


Proof. We give the proof here in the case when O, P and Q are 
collinear; the non-collinear case is left to the reader in Exercise 1 
below. OP -OP’ = Oo: 0Q' wiiLOP = OQ = QP and 0g = 
OP’ + P'Q’, giving QP - OP! = P/Q’. OQ. Therefore 

OP-OP Or . [Re 


PQ = a 
Q - oo 
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Theorem 1.5. Let A, B, C and D be four points collinear with the 
center of inversion O. Let A’, B’, C’ and D’ be their respective 
inverse points. Then (AB,CD) = (A’B’,C'D’). 


Proof. First note that inversion preserves the separation or non- 
separation of the pairs A, B and C, D, and hence it suffices to show 
that |(A’B’,C’D’)| = |(AB,CD)|. But this follows from Lemma 1.3: 


AC DB Patter apes _ AC-DB 


C'B’. AD’ 2 GBI > aD CB: 
Y OC:OB OOD C D 


EXERCISES 
1. Prove Lemma 1.3 in the case when O, P and Q are not collinear. 


2. Let A, B, C and D be four concircular points and define their 
cyclic cross ratio (AB, C'D) by 


choosing the sign according as the pair C’, D does not or does separate 
the pair A, B. Let A, B, C and D be four points on a line not through 
the center of inversion. Show that their cross ratio is equal to the 
cyclic cross ratio of their inverse points. Similarly, if A, B, C and D 
lie on a circle not through the center of inversion, show that inversion 
preserves the cyclic cross ratio. 


3. Let A, B, C and D be four collinear points with (AB,CD) = 2. 
Show that the cross ratios of these poms is the 24 different orders are 
equal by fours to the six numbers 4, + me LA, x . x4. At . Note 
trivially that (AB, CD) =(BA,DC) = ne AB)= (DC; BA). 


4. Let P and P’ be two fixed points. Consider the locus of points 
Q such that the ratio QP/QP’ is a constant \. Clearly when \ = 1, 
Q lies on the perpendicular bisector of PP’. When A ¥ 1, show that 
Q lies on a circle with respect to which P and P’ are inverse points. 
Draw the figure for \ = 5, + IOS 
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1.3. Applications 


We conclude our discussion of planar inversion with some of the clas- 
sical applications of inversion theory. For more on such applications 
see e.g. [11]. The idea is that a theorem or configuration which 
is somewhat awkward may invert to a more manageable one. For 
example, consider the following theorem of Pappus. 


Theorem 1.6. Let C be a semicircle with diameter AB, and C’ and 
Cy semicircles on the same side of AB with diameters AC and CB 
respectively (Figure 1.8). Let C,, Co,... be a sequence of circles tangent 
toC andC’ and such that C,, is tangent toC,—,. Letr, be the radius of 
C, and d,, the distance of the center of C, from AB. Then d,, = 2nr,. 


Figure 1.8 


Proof. Let a, be the length of the tangent to C, from A, and invert 
the figure in the circle A, with center A and radius a,. Then c 
inverts to itself. On the other hand, C and C’ pass through A and 
are orthogonal to AB; thus they invert to a pair of parallel lines 
perpendicular to AB. Since C,, inverts to itself and is tangent to C 
and C’, C,, is tangent to these parallel lines. Pima, Co,....)@, will 
also invert to circles tangent to the parallel linesysandedy.—= Qa, 
follows immediately. 0 


Consider a circle of inversion C with center O, and let P and 
P' be a pair of inverse points. Lines through P’ invert to a family 
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of circles through O and P including one line corresponding to the 
line OP. Circles concentric at P’ are orthogonal to the radial lines 
from P’ and hence, by the conformality, invert to a family of circles 
orthogonal to the first family including one line / corresponding to the 
circle centered at P’ and passing through O (Figure 1.9). Note that 
l is the perpendicular bisector of the line segment OP (cf. Exercise 
1 at the end of Section 1.1). If R is any point on I, R is the center 
of a circle belonging to the first family. Thus tangents from R to the 
circles of the second family are equal, and / is called the radical azis 
of the second family. 


Figure 1.9 


Given two non-concentric, non-intersecting circles, we can find 
their radical axis and hence the rest of the family. Let A and B be 
the circles with centers A and B, and let C be a circle meeting A and 
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B at points A’. A” and B’, B” respectively. If the lines A’ A” and 
B'B" are not parallel, they meet at a point on the radical axis. Thus 
the radical axis is the perpendicular through this point to the line of 
centers AB. 


Theorem 1.7. Two non-concentric, non-intersecting circles can be 
inverted into two concentric circles. 


Proof. Let A and B be the circles as above and ! their radical axis. 
Choosing R on 1, draw the circle with center R and radius equal to 
the tangent length from R to A and B. This circle cuts AB in points 
O and P. Using O or P as center of inversion, A and 6 invert to 
concentric circles. O 


The following theorem of Steiner is an immediate corollary of this 
result. 


Theorem 1.8. Let A be a circle lying in the interior of a circle B. 
Suppose there exists a sequence of n circles C,,...,Cn in the region 
between A and B, tangent to both A and B with C; tangent to C;_, 
and with C,, tangent to C,. Then there exist infinitely many such 
sequences, and any circle between A and B and tangent to A and B 
belongs to such a sequence. 


Another simple application of inversion theory is the following 
theorem of Ptolemy. 


Theorem 1.9. Let ABCD be a conver quadrilateral inscribed in a 
circle. Then the product of the diagonals is equal to the sum of the 
products of the two pairs of opposite sides. 


Proof. Invert the configuration in the circle with center A and ra- 
dius r and let B’, C’ and D’ be the inverse points of B, C and D 
respectively. Then B’, C’ and D’ are collinear, and since ABCD is 
convex, C’ is between B’ and D’; and therefore B’C’ + C’D’ = B’D’. 
Using Lemma 1.3, we get 


2 BC ne 5) ae 


r a ee 
AB-AC' AG-AD " ABAD 
and so BC-AD pe @p BD? AC. O 
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EXERCISES 


1. Prove the following generalization of Ptolemy’s theorem. In a 
convex quadrilateral ABCD we have 


BC: AD+ AB-CD> BD.-AC, 


with equality holding if and only if the quadrilateral can be inscribed 
in a circle. 


2. Given two circles C,; and Cy intersecting at two points A and B, 
let Cy and Cy, be the other points of intersection of C; and Cy with 
the diameters of Cy and C; through B respectively. Show that A and 
B are collinear with the center of the circle through B, C; and Co. 


3. Let C, and Cy be two circles intersecting at A and B, and let s 
and ¢ be lines tangent to C, and C2 at S,, Sp and T\, T> respectively. 
Show that the circles through S,, Sg and A and T,, To and A are 
tangent. 


4. Let L be an interior point of a circle C other than the center O. 
Prove that the tangents to C at the endpoints of chords through L 
intersect on a line J. 


1.4. Miquel’s Theorem 


Our next application is a theorem of A. Miquel [25]. This theorem 
is deserving of its own section; not only is it a wonderful application 
of inversion, but from the axiomatic or foundational point of view 
of inversive geometry, it plays an important role and is taken as an 
axiom. As the axiomatic point of view is not an integral part of our 
discussion, we will only present the axioms and a couple of exercises 
at the end of this section. For more detail the interested reader is 
referred to Ewald’s book [12]. We begin with another theorem of 
Miquel [24], referring to it as Miquel’s “Little” Theorem, and then 
turn to Miquel’s “Big” Theorem [25]. 


Theorem 1.10. In AABC let D, E, F be points on the sides op- 
posite A, B, C respectively. Then the circles AEF, BDF and CDE 
pass through a common point M. 
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Proof. Suppose BDF and CDE intersect again at M. We will give 
the proof when M lies within the triangle (Figure 1.10) and invite 
the reader to supply the proof when M is outside the triangle. The 
theorem is also true for the case M = D on the triangle, the circles 
BDF and CDE being tangent at D; again we invite the reader to 
supply the proof. Denote the supplement of an angle by s(Z...). Join 
M to D, EF and F and recall that a quadrilateral can be inscribed 
in a circle if and only if its opposite angles are supplementary. The 
proof then is 


ZMFA = s(ZMFB) = ZMDB = s(ZMDC) 
= /MEC = s(ZMEA), 


and we conclude that the vertices of the quadrilateral AFM EF lie on 
a circle. O 


Figure 1.10 


We now prove Miquel’s “Big” Theorem (Figure 1.11). 


Theorem 1.11. Let C,, Co, C3, Cy be four circles, no three with a 
point in common. Suppose C, and C2 intersect at P and P’; Cy and 
C3 intersect at Q and Q’; Cs and C4 intersect at R and R’; C4 and 
C, intersect at S and S’. Then P, Q, R and S are concircular or 
collinear if and only if the same is true of P’, Q’, R’ and S'. 


Proof. Suppose P, Q, R and S lie on circle or line A, and invert the 
configuration with S as center of inversion. Then C 1, Cy and A invert 
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to lines forming APRS’, where we use the same letters to denote the 
points, etc., after the inversion; C> and C3 invert to circles. Miquel’s 
“Little” Theorem now applies to APRS’, and inverting back gives 
the result. 0 


Figure 1.11 


We remark that the theorem also holds if one pair of the given 
circles are tangent, e.g. P and P’ coincide and the other pairs are 
distinct. Miquel’s Theorem also contains the following slight general- 
ization. 


Theorem 1.12. Let C,, Co, C3, C4 be four lines and circles, no three 
with a point in common. Suppose succesive pairs meet in points P 
and P’, etc. as before, where for two succesive lines the intersection 
points are the Euclidean point of intersection and the ideal point at 
infinity (which lies on all lines, see Chapter 2). Then the conclusion 
of Miquel’s Theorem holds. 
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Proof. Invert the configuration with respect to some point not on 
the configuration, giving the original Miquelean configuration. O 


The incidence axioms of an inversive plane are as follows, point 
and circle being undefined terms. 
A.1: Three distinct points lie on one and only one circle. 


A.2: If P is a point on circle A and Q a point not on A, there 
exists a unique circle through P and Q having only P in 
common with A (tangent to A). 

A.3: On each circle there exist at least three points. 


A.4: There exist a point and a circle that are not incident. 
An inversive plane is said to be odd (see [12]) if it satisfies 


A.5: There exist four circles each two of which are tangent and 
such that the six points of tangency are distinct; no other 
circle through one of these points is tangent to three of the 
circles. 


The final axiom is: 
A.6: Miquel’s “Big” Theorem. 


With this axiom the inversive plane is said to be Miquelian. Miquel’s 
“Big” Theorem is a closure theorem for inversive geometry and plays 
the role in the axiomatic foundation similar to the role plaved by 
Pappus’ Theorem in the axiomatic foundation of projective geometry. 


EXERCISES 


1. Prove the “Bundle Theorem”: Let P, P’,Q,Q’, R, R’, S,S’ be dis- 
tinct points not lying on a common circle. If 


{P, P',Q,Q'}, {Q,Q’',R, R’}, {R, R’,S,S’}, 
{P, P’, R, R’}, {Q,Q',5,S’} 


are concircular quadruples of points, then so is {P, P’, S, S’} sein: 
Invert with one of the eight points as center of inversion. We remark 
that Miquel’s Theorem js stronger than the Bundle Theorem: for 


an example of a non-Miquelian inversive plane in which the Bundle 
Theorem holds, see (12). 
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2. Consider a geometry whose “points” are the points (:,y) € R? 
together with an ideal point co belonging to all lines and whose 
“circles” are the lines in R° and the family of curves of the form 
(x —h)'+(y—k)* = a". Show that this is a non-Miquelian inversive 
plane, i.e. axioms A.1-4 hold but Miquel’s theorem is false. One might 
approach this problem more generally. Consider a smooth closed con- 
vex curve C whose tangent lines have only one point in common with 
C. Define a geometry whose “circles” are either lines or images of 
C under translations or homotheties of positive ratio, and show that 
axioms A.1-4 hold. (This is not a routine exercise, and could be used 
as a student project.) 


3. If a point A is removed from an inversive plane (axioms A.1-4), 
prove that the circles through A (with A removed) satisfy the axioms 
of an affine plane: 1. Two distinct points lie on one and only one line. 
2. Every line has at least two points. 3. There exist three noncollinear 
points. 4. Given a line and a point not on it, there exists a unique 
line through the point parallel the given line. 


1.5. Feuerbach’s Theorem 


One of the most famous applications of classical inversion theory is 
the theorem of Feuerbach which states that the nine-point circle of 
a triangle is tangent to the incircle and each of the excircles of the 
triangle. We begin by describing the nine-point circle of a triangle by 
means of the following theorem. Recall that the altitudes of a triangle 
are concurrent at a point called the orthocenter of the triangle. 


Theorem 1.13. In a triangle, the midpoints of the sides, the feet of 
the altitudes and the midpoints of the segments from the orthocenter 
to the vertices are concircular. 


Proof. Let AABC be the triangle; A’, B’,C’ the midpoints of the 
sides opposite the respective vertices; D, E, F the feet of the altitudes 
from A,B,C; H the orthocenter; and U,V,W the midpoints of the 
segments AH, BH,CH respectively (Figure 1.12). Consider the circle 
C through A’, B’,C’; we shall show that D, Ek, F and U,V,W lie on 


fe 
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D — A’ 


Figure 1.12 


First note that in the right triangle AABD, C’ is the midpoint 
of the hypotenuse and hence C’D = C’B. Also, the quadrilateral 
C’B'A’B is a parallelogram since in any triangle a line joining the 
midpoints of two sides is parallel to the third side. Thus C’B'A’D is 
an isosceles trapezoid; but a trapezoid can be inscribed in a circle if 
and only if it is isosceles. Therefore the circle C through A’, B’ and 
C” passes through D. In like manner, EF and F lie on C. 


To show that U, and similarly V and W, lie on C, we first observe 
that C’U is parallel to BFE and therefore perpendicular to A’C’. Simi- 
larly B’'U is perpendicular to A’B’. Thus, since ZUC" A’ and ZU B’ A’ 
are right angles, B’ and C” lie on the circle with diameter A’U, which 
is therefore C. O 


The circle of Theorem 1.13 is called the nine-point circle of the 
triangle. 


As is well known, the angle bisectors of a triangle are concurrent 
at a point which is equidistant from the sides and hence is the center 
of a circle tangent to the sides called the incircle. Also the bisector 
of one angle and the bisectors of the exterior angles at the other two 
vertices are concurrent at points equidistant from the sides, giving 
rise to three ezcircles of the triangle (Figure 1.13). 
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Figure 1.13 


In AABC let X, Y and Z be the point of contact of the incir- 
cle with the sides opposite A, B and C respectively, and let X’, Y’ 
and Z’ be the points of contact of the excircle opposite A with the 
same respective sides. We now prove, as a lemma, the fact that the 
midpoint of a side is also the midpoint of the segment determined by 
these contact points on that side. 


Lemma 1.4. XA’ = A'X’. 


Proof. Since BX’ = BZ’ and CX’ = CY’, the perimeter of the 
inianeleis AZ’ + AY’ = 2AY’. Now BX = BZ = AB - AZ = 
AB — AY and BX = BC ~ CX = BC — CY, and hence 2BX = 
AB + BC — AC = perimeter — 2AC. We also have CX’ = AY’ — AC 
or 2CX' = perimeter — 2AC. Therefore BX = CX’, which gives the 
result. ig 


We can now state and prove Feuerbach’s Theorem. 
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Theorem 1.14. The nine-point circle of a triangle is tangent to the 
incircle and to each of the three excircles. 


Proof. Let AABC be the triangle with the special points involved 
denoted as above. Let J be the center of the incircle J and E the 
center of the excircle € opposite A. Z and € have common tangents 
AB, AC,CB and a fourth one RS meeting BC at G, R being on AC 
and S on AB (Figure 1.14). Note also that A,J,G, E are collinear. 


A 


Figure 1.14 


Now AAYI ~ AAY’E and AGXI ~ AGX'E. Therefore 


Oe = are 
AE EY’ EX’ Fe’ 
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and so 7 
At __ db 
[Gene 
Thus, since AD, IX and EX’ are parallel, we have 
DX _ Dx’ 
XG x xiG’ 


i.e. the cross ratio (DG, XX’) = —1. Therefore (X X’, DG) = —1. 


Now invert in the circle with center A’ and radius X A’, which is 
equal to A’X’ by the lemma. Z and € are orthogonal to the circle 
of inversion, and hence invert to themselves. The nine-point circle 
passes through A’ and D and hence inverts to a line / through G, 
the inverse of D since (X X',DG) = —1. We shall show that 1 is 
the line of RS and hence tangent to Z and €, proving the theorem. 
To do this it suffices to show that RS is parallel to the tangent to 
the nine-point circle at A’ (the inverse of a circle through the center 
of inversion A’ is a line perpendicular to the diameter of the circle 
through A’; see Section 1). Now the angle between this tangent and 
A’B’' is congruent to ZB’C’ A’, since both these angles have measure 
equal to half the measure of the arc A’B’, Now ZB'C'A’ is congruent 
to ZA’CB’, since B'C’A'C is a parallelogram. Finally, by reflection 
across the line of JE we see that ZA’C'B’ is congruent to ZRSA. 
Thus, since AS is parallel to A’B’, it follows that RS is parallel to 
the tangent at A’ and hence must be I. O 


EXERCISES 


1. Let O be the center of the circumcircle of a triangle and # its 
orthocenter. Show that the center N of the nine-point circle is the 
midpoint of OH. 


2. Find the center of the nine-point circle of AA’ B’C’. 


Chapter 2 


Linear Fractional 
‘Transformations 


2.1. Complex numbers 
We denote by C the set of all complex numbers, 
C = {z+ iy|z, yreal;i? = —1}. 


Indentifying complex numbers with ordered pairs of real numbers, 
(x,y), we also refer to C as the complex plane. The numbers z and y 
separately are called the real and imaginary parts of z = x + ty, also 
denoted ¥z and Sz. Recall the addition, multiplication and division 
of complex numbers: 


(a + ib) + (c+ id) = (a +c) +i(b+4), 
(a + ib)(c+ id) = (ac — bd) + i(ad + be), 


a+b Gs ialagy 28 98 
= ih is 
ct+tid c#+d? c? + d? 


The complex number x —‘y is called the complez conjugate of z = 
x +iy and is denoted by 2. The non-negative number |z| = Jz? + y? 
is called the modulus of z = x + iy. Note that zz = |z|* and + = a 
Geometrically |z| is the distance of z from the origin and |z, — 
the distance between two points z; and 2. 


z is 
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An angle @ from the positive real axis to the ray from the origin 
to a complex number z is called an argument of z, and we write 
6 = argz. This is determined only up to multiples of 27; so when 
necessary to avoid ambiguity one chooses a principal determination 
of the argument by requiring that —7 < 0 < m and writes 0 = Arg z. 
If z=a2+iy and r = |z|, then z = rcos@, y=rsin@ and 


z= r(cos@ + isin 9@), z = r(cos6@ — isin 6). 


The complex exponential e* is defined by e* = e*(cosy + isin y); in 
particular e’” = cosy +7siny. Thus a given complex number z may 
iO 


be written re’, explicitly showing its modulus and argument. 


For two complex numbers z, and z2 their product is given by 
2122 = r,r2((cos O, cos Oy —sin A, sin 02) +7(cos 8; sin 62 +sin 0; cos 62)) 
= 1 T2(cos(@; + 62) + isin(A; + 62)). 


Therefore arg z)z. = arg z, + arg zo up to the ambiguity mod 27. 
Clearly |z1z2| = rire, so in Figure 2.1, A(0,1, z1) ~ A(O, za, 2122). 


saga) 
®D 
2] 
0 1 
Figure 2.1 
Consider now 
it z 1 
—=7—5 = —(cosé —isin@); 
Zee Al sO —isin@); 
tHe | Le ah and arg+ = ~argz. Note also that 4 and z are 


collinear with the origin and that the product of their distances from 
the origin is equal to 1. Thus the map z —> ! is inversion in the unit 
crtle. In Hague 2.2 20 mie2) ~ AiG 4,1). and therefore 4 can be 
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obtained from z by two geometric transformations, namely, inversion 
in the unit circle and reflection in the real axis: 


1 1 

7h —> = oe = 

Nel" oz 

inversion _ reflection 
or 

S Il 

Z—7 z%¥ —- - 

“~~ See 


reflection inversion 


t! 
1/z 


Figure 2.2 


2.2. The extended complex plane and 
stereographic projection 


As with inversion, the transformation w = ! maps the complex plane 
onto itself with two exceptions: z = 0 has no image and w = 0 has 
no preimage. To remove this difficulty we form the extended complex 
plane C, sometimes called the inversive plane, by adjoining to C an 
ideal point, often called the point at infinity or the complex number 
infinity and denoted by oo. Let a € C; the rules governing oo are: 
< = 0; § = 0, a £0; cota = 00; 00-4 = 00,a #0; 00-00 = oo. The 
following are left undefined: 00 + 00, =, - oo-0. For any R > 0, the 
set {z||z| > R} is thought of as a neighborhood of oo; it is mapped 
onto a neighborhood of the origin |w| < 4 by w = +. 

To visualize C we use a sphere rather than a plane. Consider the 
sphere x* + y? + u? = u tangent to C at the origin and of radius 3. 
The line joining any point P in the plane to N = (0,0, 1) intersects 
the sphere at a point Q, and, conversely, the line joining N to any 
point Q on the sphere meets the plane in a point P (Figure 2.3). 
Thus the points of the extended complex plane may be identified 
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with the points of a sphere, the ideal point oo being identified with 
the point N. This mapping of C to the sphere is called stereographic 
projection, and generally the inverse mapping of the sphere onto C is 
also referred to as stereographic projection. The extended complex 
plane C is sometimes referred to as the comple sphere or as the 
Riemann sphere. 


Figure 2.3 


Note that the image of the unit circle about the origin O is 
mapped to the horizontal equator on the sphere. Now in the ex- 
ercise on page 3 rotate the circle D about OP so that the plane of D 
is perpendicular to the plane of C. Thus we see that inversion in the 
unit circle is just reflection in the horizontal equator of the complex 
sphere. 


We now obtain a coordinate expression for stereographic projec- 
tion. Let z € C represent P and let (€,7,¢) be coordinates of the 
point Q and r = |z|. Now AOPN ~ AQON, and hence 

Pe 7 €2 4.92 4 (2 
L+r2 1 = 
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Projecting to the ru- and yu-planes, we have 


co 1 y 1 
€ 1-¢ 9 1- 
Therefore 
os g ae ae ¢ 
age 2 ee ee 
and 


= 02 _ ee at 
S 1+r2’ i! 1+ r?’ ¢ 14+r2- 
Theorem 2.1. Stereographic projection maps lines and circles in the 
plane to circles on the sphere, and, conversely, circles on the sphere 


map stereographically to lines and circles in the plane. 


Proof. A circle on the sphere is the intersection of the sphere with 
a plane, say Ar + By + Cu = D: if (€,7,C) is on this circle we have 


2 


ne y i 
= 1B 
shia ee NTT ay 
or 
(2:1) (C — D)(az? + y?) + Ax + By= D, 


which is a line or a circle in the plane according to whether or not 
C = D. Conversely, a line or circle in the plane is given by an equation 
of the form (2.1). Substitution for x and y in terms of €,7,¢ gives 


(2.2) (C-D) +427 4+B 1 =D 
or 
A€+ Bn+C¢ =D, 
so (€,7,¢) lies on a plane determining a circle on the sphere. O 


We shall now prove the conformality of stereographic projection; 
that is, if two differentiable plane curves meet at a point P, the angle 
between the image curves is equal to the angle between the curves. 


Lemma 2.1. The angle between two lines is equal to the angle be- 
tween their image circles under stereographic projection. 


Proof. Let Ajz + Byy = D, and Agr + Boy = D2 be two lines in 
the plane intersecting at P. The angle between them is determined 
by their slopes a and SR By equation (2.2) the images of the 
lines lie in the planes Ajz + Byy = Di(1 — u) and Agr + Boy = 
D.(1—u). Therefore the tangents to the corresponding circles at N 
are the intersections of these planes with the plane u = 1, and hence 
their equations are A;x + Byy = 0, Aoz + Boy = 0, u = 1, which 
intersect at the same angle determined by the ratios 4 and = 
Let Q be the image of point P, and consider reflection in the plane 
which is the perpendicular bisector of chord QN. Then we have that 
the angle at Q is equal to the angle at N, giving the result. i) 

Let (€0,70,¢0) be a point on the circle Ax + By + Cu = D, 
r?>+y*? +u? —u =0, and let i,j,k be unit vectors in the directions of 
the positive x-, y- and u-axes. Recall that the vector Ai+ Bj + Ck 
is normal to the plane and that fi + moj + (Go — 5)k is normal to 
the sphere (radial vector from the center (0,0, 5)). Consequently the 
vector 


(Ai+ Bj+ Ck) x (i+ moj + (Go — 5)k) 


is tangent to the circle at (€, 70, Co) giving the following lemma. 


Lemma 2.2. The tangent line to the circle Ax + By + Cu = D, 
a* +y* + u? —-u=0 at (£0,70,G0) is 


ee ee a) ee 
B(Go— 3)—-Cno C&—A(Go-—4) Am — BEo’ 


Theorem 2.2. Stereographic projection is a conformal map. 


Proof. In view of Lemma 1.1 it remains only to prove that the image 
of the tangent line to a differentiable curve is tangent to the image 
of the curve. Let x = x(t),y = y(t) be a differentiable curve in the 
plane and P the point corresponding to t = to, and let eo = GG) 
and yo = y(to). Then 
x(t) (t) 
x = €(t) = ——___+__, 220) = 1 ee 
l+a(t2+y(Q2’ 7 ne) 1 + x(t)? + y(t)?’ 

x(t)? + y(t)? 


te ae x(t)? + y(t)? 
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is the image of the curve on the sphere. Let &) = €(to), mo = n(to) 
and (oy = (to). The tangent line to the image curve at the image 
point Q is 


Bo) Wto) C(t) 


By differentiation we have 


x’ (to)(1 — 29 + ye) — 2xoyoy’ (to) 


to) = | 
ni (to) = ¥Mod(t + 26 = v6) — 2oyor'(to) 
(1 + 22 + y2)? 

Ci(tp) = 2tom [to) + 2voy' (to) 


(1 + 29 + 6)? 
and (2.3) becomes 
ar — & 
a’ (to)(1 — x§ + yp) — 2xoyoy’ (to) 


24 = Y — To 
es) y'(to)(1 + 22 — y2) — 2xoyox' (to) 
- u— Co 

2(xox'(to) + yoy’(to)) 


Now the tangent line to the original curve at P is 


(2.5) y' (to) — 2’ (to)y = y' (to) xo — 2’ (to) yo. 


Setting A = y/(to), B = —x’(to) and C = D = y'(to)x0 = 2’ (to) yo, we 
see by Lemma 2.2 that the tangent to the image of (2.5) is the same 
line as equation (2.4), for if we multiply the equation of Lemma 2.2 
by Ea the first denominator becomes 


2(1 + 77)(B(Go — 4) — Co) 
= —a'(to)(xg + yp — 1) — 2(y' (to) x0 — 2’ (to) yo) yo 
= g'(to)(1 — 28 + 6) — 2xoyoy’ (to), 


which is the first denominator of (2.4). Proceed similarly for the other 
denominators. Oo 
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EXERCISES 


= ae | = | if and only 


1. Let a, 3 be complex numbers. Show that | 


Ba 
if at least one of a and # has modulus 1. Show that if |a| < 1 and 
a 
1, then | °F | <1. 
Jal <1, then | = 


2. Let a. 3 be complex numbers and \ # 1 a positive constant. Show 


that | Z 
vA — 
this with Exercise 4 in Section 1.2. 


a = is acircle. What is the locus for A = 1? Compare 


3. Let 2,22 € C, and let Z,, Z2 be their images under stereographic 
projection. Let d(Z,,Z) be the length of the chord joining 7, and 
Z2. Show that 


igo ze 22) 


VT 4 lal + leek? 


4. Consider the antipodal map of x? + y? + u* = u. What is the 
corresponding map of C under stereographic projection? 


2.3. Linear fractional transformations 


We now study in some detail a special class of transformations of the 
extended complex plane. By a linear fractional transformation (some- 
times called a homography, also sometimes called a Mobius transfor- 
mation) we mean a transformation of the form 


az+b 
Tig aa ad — bec £0, 
where a,b,c,d € C. If ad— bc = 0 and c ¥ 0, then w = 224° reduces 


cz+d 
to w = *, as will become apparent below. Let us begin with some 


simple special cases. 


ea=d=1,c=0,ie. w=2z+5: This is just the addition of 
a fixed vector b to the vector z. Thus each point of the plane 
undergoes a translation by 6, and any figure is mapped to a 
congruent figure. 

e b=c=0,d=1,ie. w= az: This is first a rotation through 
arga and then a magnification by |a|. If jal = 1, then a is of 
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the form e’” = cos@ +isin@ and w = az is simply a rotation 
through the angle @, which is a congruence. If a is real, this 
is a homothety. Thus the rotation-stretching w = az maps 
plane figures to similar ones and so, in particular, is angle 


preserving. 


The special case a = d= 0,b = c = 1, viz. w= _ has already been 

discussed, so we turn to the general case. If c= 0, then w = Figen o 

which is a combination of the two special cases above. If c 4 0, then 
ad—bce 1 a 

“We cz ad a oe 

and hence the mapping is a rotation-stretching followed by a transla- 

tion, a reflection in the real axis, an inversion, a rotation-stretching 

and a translation. Note also that the point —¢ is mapped to co and 

oo is mapped to “. Thus we have the following theorem. 


— 


Theorem 2.3. Linear fractional transformations map the extended 
plane C onto itself, map lines and circles to lines and circles, and are 
angle preserving. 


Now let TJ; and 7) be two linear fractional transformations given 


by 
_ az+b aw+ B 


ae oy, es ywt so’ 


respectively. Then their composition 727{ is also a linear fractional 


transformation, for 


asett =e _ (aa + Be)z + (ab + Bd) 


C= ast 45 (yat dele + (b+ 4d) 


Note that the coefficients can be obtained by multiplying the matrices 
of the respective transformations: 


a £ ab\ foaa+fe ab+ fd ) 
y 6 c ad) \ yat6c yo+d6d }° 
Taking determinants, we see that 


(aa + Bc)(yb + 6d) — (ab + Bd)(ya + 6c) # 0. 


Note that if each of a, b,c, d is multiplied by a non-zero complex num- 
ber, then the matrix is multiplied by this number, but the transfor- 
mation remains the same. 


36 2. Linear Fractional Transformations 


—. el N OO er OT 


If T;, T>, 73 are three linear fractional transformations, then 
13(ToT1) = (TaT2)T), 


since the corresponding multiplication of matrices is associative. The 
linear fractional transformation Tp given by w = z is the identity 
transformation, and for any linear fractional transformation T’ we 


havesTTy = Tor = T. Finally, if T isegiven byewe= a2tt then 
the transformation T ! given by z = ted is the inverse of T, 


ie. TT! == T~!T = Ty. Thus we see that the linear fractional 
transformations form a group. 


We now discuss fixed points of a linear fractional transformation. 


sete Then oo is a fixed point if and only if c = 0. In 


Let w = 
particular, if c = 0 and 4 # 1, then oo and a are the only fixed 
points. If c= 0 and 4 = 1, then the transformation is a translation 
and oo is the only fixed point. In general, setting z = ant} we have 
cz* —(a—d)z—b = 0; if c 4 0 both fixed points (which may coincide) 
are finite. Thus we have the following theorem. 


Theorem 2.4. A linear fractional transformation which is not the 
identity has at most two fixed points. In particular, if a linear frac- 
tional transformation leaves three points fixed, it is the identity. 


Theorem 2.5. Three given distinct points z,,z2,z3 can be mapped 
respectively onto three given distinct points w), w2,w3 by one and only 
one linear fractional transformation. 


Proof. Let T; and T) be linear fractional transformations given by 


TZ) =e a (2) = 


Z— 22-21 Z—W3 We — W4 


Now T\ maps 2;, Z2, 23 onto 0,1, 00 respectively if z), 2, z3 + oomauad 
similarly Tz maps w),w2,w3 onto 0,1l,o0. If z, = 60, let T(z) = 


zaa,) t % = 00, let Ti(z) = 2-2) and if 23 = Cole ey 
Z—2Z) 


eae and similarly for Tj. Then T = ee i6 Maps 21, 22,23 to 
W1,W2,W3 respectively. Suppose S is any linear fractional transfor- 
mation mapping 2), 22, 23 to wW1,W2,w3. Then S~'T has three fixed 
points, viz. z),22,z3, and therefore S~!T is the identity. Conse- 
quently S =T. O 


2.4. Cross ratio ST 


EXERCISES 


1. Find the linear fractional transformations that map 


12347 , 
3) 3 “g respectively, 


a) 0,1,7 onto 
b) oo, 2,1 onto —1, 0,7 respectively, 


c) —1, 00,7 onto oo, i, 1 respectively. 


2. Let C and C’ be circles or lines. Is there a linear fractional trans- 
formation which maps C onto C’, and if so, is it unique? Find the 
following. 


a) Find a linear fractional transformation that maps the real 
axis onto the unit circle. 


b) Find a linear fractional transformation that maps the unit 
circle |z| = 1 onto the circle |z — i] = 1. 


c) Is there a linear fractional transformation that maps the unit 
circle |z| = 1 onto the circle |z — i| = 1 leaving the points of 
intersection of these two circles fixed? 


3. Find the fixed points of w = —- What is the image of the disk 
(2) a0? 


2.4. Cross ratio 


Let z1, 22,23, 24 be four points in C. Their cross ratio (z1, z2, 23, 24) 
is defined by 


(z1 — 23) (22 — 24) 
(41 — 24) (22 — 23)’ 


(2), 22, 23, z4) = 


where if oo is one of the points, the two factors containing it should 
be canceled (cf. the proof of Theorem 2.5). Note that if 2), z2, z3 and 
zq are all on the real axis this is the same as the cross ratio of four 
collinear points defined in the last chapter. 


Theorem 2.6. The cross ratio of four points 1s invariant under a 


linear fractional transformation. 
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Proof, bet v— gett be the transformation and w; the image of 
Zi, tee. eA en 

az+b  azjtb _ (ad — bc)(z; — 2;) 

czatd cz;t+d (ca +d)(cz;+d)’ 


Wi — Wi = 


from which we readily obtain 


(wi, We, W3, W4) = (21, 22, 23, 24). 


Notice, however, the effect of inversion. 


Theorem 2.7. Let z! be the inverse of points z;,i = 1,...,4, under 
inversion in a circle C. Then 


(21,29, 255 za) == (z1, 22,23) Zale 


Proof. Let z be the center of C and r its radius. Then inversion in 
C is given by 


vi Te 
Ke == 20 4. Se 
i = A) 
Therefore 
A ; r? r? r?(Z; _ Z;) 
2; = &% = TT ee SS Se es 
Zi — Zo 25 — 20 (2; = 2) (2; = Zo) 
from which the result follows. io 


The basic geometric property of the cross ratio is the following 
theorem. 


Theorem 2.8. Four distinct points are concircular or collinear if 
and only if their cross ratio is real. 


Proof. Let 2), 22, 23,z4 be the points and T the linear fractional 
transformation mapping 2), 22, z3 to 00, 0,1 respectively, i.e. 


(zy = Zz) (ze = 23) 
Then (21, 22, 23,24) = T(z4) = (00,0, 1, T(z4)). But T maps lines and 
circles to lines and circles and 90,0, 1 are collinear. so the real axis is 
the image of the line or circle through 2), 22,23. Therefore z, is on 
this line or circle if and only if T(z,) is real. O 
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One final basic property is that, given three points z,, 29,23 and 
a number ’€ C, \ 40,1, = | there exists a unique point z4 such 


that (21, Z2, z3, 24) = A. For if 


(21 — 23)(z2 — 2a) _ 


= 
(z1 — 24)(z2 — 23) 
then we may solve for z4. Setting yp = coent we get 
ee AzZ1 
a 
EXERCISES 


1. We remarked that if z,, z2,z3,z4 are on the real axis, the cross 
ratio agrees with that of Chapter 1. Show that if z1, zo, z3, z4 lie on 
a circle, the cross ratio agress with the cyclic cross ratio of Exercise 
2 of Section 1.2. 


2. Show that the linear fractional transformation mapping 2), 22, 23 
onto w 1, We, w3 is determined by 


(21, 22, 23,5 Zz) aa (wy, W2, Ws, w). 


3. Find the equation of the circle through 2), 22,23 in the form z 
equal to a complex valued function of a real parameter. 


4. Let C, and C2 be two circles which intersect at z and zx, and let 
z, and z2 be points on the shorter arcs Zzo* of C; and C2 respectively. 
Show that the angle between the arcs is equal to arg(Z2, 21, 20, 20*). 


5. Give a cross ratio theoretic proof of Miquel’s “Big” Theorem. 
(This could be used as a small project.) 


2.5. Some special linear fractional 
transformations 


Let us now consider some special linear fractional transformations. 
First we will find the most general linear fractional transformation 
mapping the upper half plane {z|Sz > 0} onto the unit disk {w||w| < 
1}. Since linear fractional transformations map lines to lines or circles, 
the image of the real axis must be a circle. Moreover, since the real 
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axis is the boundary of the upper half plane and linear fractional 

transformations are continuous, the image of the real axis must be the 

unit circle |w| = 1. In particular, if T(z) = yell is the transformation, 

then |T(0)| = |T(co)| = 1. Therefore we must have |b| = |d| and 
a 


ja| = |c|. From the second condition we may write = = e’® for some 
angle 6, and T becomes 


zee 
T(z) =e ai 
Zits a 
but since we also have |b| = |d|, we get || = | <I. If now z is any other 
point on the real axis, then |T(x)| = 1, and hence |x + 2| = |x + a), 
Therefore - 7 
b b d d 
z+ 2+-)=(zr+-— Bar = 
a a c c 
or 


(° =) (¢ *) 
Sls y| | cecal (ewe sy 
a a CG. Ge 


Now 2 +2 = 2K(2) and similarly for a; thus, . and d have the same 


real part and the same modulus. Therefore either B = a or B = a. 
The first alternative gives T(z) = e’® = const., and consequently, 


setting z) = —2 


a? 
2 — £0 
a) =e 
( ) bo Zo 
This is the desired linear fractional transformation provided that zo 
is in the upper half plane; if zp is in the lower half plane, the upper 
half plane is mapped to the exterior of the unit circle. 


Using the above, we can find the most general linear fractional 
transformation mapping the unit disk onto itself. First note that 
T~' above maps the unit disk onto the upper half plane. Taking 


{z||z| < 1} as the unit disk and {¢|S¢ > 0} as the upper half plane, 
we obtain 


- Zz — ez 
(=7 12) 
Zee 
Consider now a fixed such transformation, for example 
mee 
C=S(z) =—4 


z+1 
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Then U(z) = T(¢) = TS(z) maps the unit disk onto the unit disk. 
Since T = US~' is the general linear fractional transformation map- 
ping the upper half plane onto the unit disk, U is the general linear 
fractional transformation mapping the unit disk onto itself. Comput- 
ing U explicitly, we have 


sil : ; 
U(2) =e eH _ oo + i)z— (20-7) 
14 = 2p —(Z + i)z _ (Zo _ i) 


i (ot+i(-1) 7+25 
(1+ 2o%)(—é) (—2#z-1)) 


Note that oa < 1, since Zp is in the upper half plane. Thus, setting 
yu4=- a re and using Exercise 1 of Section 2.2, we have 
ee mmm 
U(z) =e’? ——— 
( ) Bae —l , 


where ¢ is real and z, is in the open unit disk, as the most general 
linear fractional transformation mapping the unit disk onto itself. 


The question of mapping the upper half plane onto itself is also 
easily treated. If oo is a fixed point, then w = az+6 with a > 0 and 
b real maps the upper half plane onto itself. More generally, since the 
real axis must be mapped to the real axis, let 0, 1,00 be the images 
of the real numbers x1, 22,23 respectively. Now, equating the cross 
ratios (w,1,0,00) = (z,x2,21, 43), we have 


(AAs Bip A be 


Z—23 12-2 


1The reader with some experience in complex variable theory can easily see that 
U(z) is in fact the most general one-to-one holomorphic mapping of the unit disk onto 
itself. First recall the Schwarz Lemma (see e.g. [1] or {13]): Suppose that f is a 
holomorphic function on the open unit disk with f(0) = 0 and |f(z)| < 1. Then either 


|f(z)| < |2| for all z with 0 < |z| <1, or f(z)= e*?z, where ¢ is a real constant. 


Theorem 2.9. If f is a holomorphic function mapping the untt disk one-to-one onto 
itself, then f(z) if of the form U(z). 

Z-21 
PAS -1 
by the Schwarz Lemma we have |(f o T~*)(¢)| < |¢} and |(To f~*)(w)| < |w|, giving 
\(f oT 1)(¢)| = |¢| and hence f oT~1(¢) = e**¢; that is, f(z) = e**T(z) = U(z). O 


. Then 


Proof. Let z; be the point in the disk mapped to 0 by f and let T(z) = 
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Since the mapping must take the upper half plane onto itself, the 
imaginary part of the image of 7 must be positive, giving 
TQ — £3 L1 — £3 


=. 
go—-2, 224+1 


ao i . . vai az+b . 
Thus, writing the mapping in the form w = =), the determinant 


ad — be of the mapping is positive. In particular we can write the 


mapping in the form w = as tt with ad — bc > 0 and a,b, c,d real. 


Now clearly the linear fractional transformation 


apz + bu 
= 0, pEC 
cee w#0, p 
is geometrically the same as w = “+2. Writing u = Re’®, its two 


Ge {eel 
square roots +,/p are +V/Re'*/*, In particular, taking wp = Ta 
we may normalize any linear fractional transformation so that ad — 
bc = 1. Thus, if a linear fractional transformation T(z) has been 
normalized so that ad — bc = 1, then J maps the upper half plane 
onto itself if and only if a, b,c,d are real. 


EXXERCISES 
dee If te a what is the image of the positive real axis? 


2. Let U(z) be the general linear fractional transformation mapping 
the unit disk onto itself. Show that U(z) may be written in the 
following forms: 


J 10 oe * 
U(z) = Pa, Of Hai, Gyo real 
az +b 
U(2)= E+? Jal? oP > 0. 


3. The transformation 
U(z) = et ZF 
VA al 1 


maps the unit disk onto the unit disk. Find 7; and ¢ such that U 


maps the segment 0 < x < ana <1. onto va segment of the form 
—b<a24<b,b< 1. 
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2.6. Extended Mobius transformations 


We have already seen that inversion in the unit circle is given by 
w = 1/zZ or in a circle of radius r and center zo by 
aay + = BEL Ia. 
Z— Zy Z— Zp 
thus inversion is not a linear fractional transformation, but is of a 
type we now discuss. Consider a mapping of C onto itself given by 
_ az+b 
O° Cr+’ 
again with a,b,c,d € C and ad — bec # 0. Such a transformation 
is sometimes called an anti-homography. As with linear fractional 
transformations, if c = 0, then w = $2 + f which is a reflection in 
the real axis followed by a similarity. If c 4 0, then 
ad—bc 1 a 
td es 
which is again a composition of similarities, reflection in the real axis 
and an inversion. Thus we have the following theorem. 


Wis 


Theorem 2.10. Anti-homographies map lines and circles to lines 
and circles, and are conformal. 


Moreover, the cross ratio of the images of four points under an 
anti-homography is the conjugate of the cross ratio of the points. In 
particular, the cross ratio of four collinear or concircular points is 
preserved. 

Now considering compositions of anti-homographies with homo- 
graphies (linear fractional transformations) or anti-homographies, we 
see that the set of all homographies and anti-homographies forms a 
group. We call this group the group of extended Mobius transforma- 
tions. 

Since extended Mobius transformations map lines and circles to 
lines and circles, one might ask if this property characterizes such 
transformations. It is a beautiful result of Carathéodory [6] that 
even locally this is true. That is, not only is a 1-1 circle-preserving 
map of C onto itself an extended Mobius transformation, but a 1-1 
map of a plane region R onto a set R’ such that the image of every 
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circle lying in R is a line or circle in R’ is such a transformation. Not 
even the continuity of the transformation is assumed. The reader is 
encouraged to work through Carathéodory’s proof, drawing an appro- 
priate diagram for each step of the proof; we reprint the paper below 
(published in 1937 in the Bulletin of the American Mathematical So- 
ciety). For definitions of some concepts from analysis and topology, 
such as open set, region, etc., see the beginning of the next chapter. 


EXERCISES 


1. Show that an extended Mobius transformation which leaves four 
non-collinear, non-concircular points fixed is the identity. 


2. Prove that if a transformation of the plane onto itself preserves 
cross ratios, then it is a linear fractional transformation. 


3. Let B be a circle and A a circle in the interior of B. Show that 
there is a linear fractional transformation mapping A and B onto 
concentric circles. Use the results of Chapter 1, or prove this directly 
using ideas from this chapter. 


4. One may have a transformation mapping lines to lines but not 
circles to circles. Show that x’ == x+y, y’ = y maps lines to lines but 
not circles to circles, and that it is not angle preserving. 


5. Show that a 1-1 mapping of the plane onto itself which maps lines 
to lines and circles to circles is a similarity. You may want to use the 
Carathéodory result. 
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THE MOST GENERAL TRANSFORMATIONS OF 
PLANE REGIONS WHICH TRANSFORM 
CIRCLEES*INTO CIRCLES 


BY CONSTANTIN CARATHEODORY 


1. Introduction. If we consider two plane regions R and R’ 
which are mapped conformally the one upon the other, there 
corresponds to every circle c contained in R an analytic closed 
curve c’ contained in R’. If an arc a lying on the circle c has a 
circular image the curve c’ must be itself a circle. 

Suppose that the interior of the circle c belongs to the region 
R. Then both circular discs bounded by ¢ and c’ respectively are 
represented conformally the one upon the other. It is a well 
known fact that in this case the transformation of these circles 
into one another is given by a transformation of M bius by 
which, furthermore, every circle of R is transformed into a 
circle of R’. 

If we drop now the condition that the one to one correspond- 
ence of our regions must be conformal, the assumption that 
one single circle of R has a circular image is no longer sufficient 
to characterize the transformations of Mébius. On the other 
hand, if we make the stronger assumption that every closed 
circle contained in R is transformed into a circle, we shall see 
in the course of this paper that a theorem analogous to the one 
stated above holds under surprisingly general conditions. To 
prove that the transformation which we consider is a trans- 
formation of Mébius it is no longer necessary to assume from 
the outset (as is the case for the analogous theorem concerning 
collinear transformations) that this transformation is continu- 
ous, or that it is measurable in the sense of Lebesgue, or even 
that the point set R’ is itself a region. 

The condition that circles lying in a region R have circular 
images characterizes the group of Mobius transformations among 
all the one to one arbitrary correspondences between the points of 
Rand the points of a quite arbitrary point set of the plane. 


2. Statement of a Preliminary Theorem. We consider a circular 
open disc which we shall call C and suppose that there is a one 


45 


46 


2. Linear Fractional Transformations 


to one correspondence between the points P of this disc and the 
points P’ of a bounded point set C’. We do not suppose this cor- 
respondence to be continuous or even to be measurable in the 
sense of Lebesgue. But we assume that every closed circular 
line ¢ which is contained in the domain C is transformed by 
the above correspondence into a line c’ of the same kind whose 
points lie on C’. We shall prove that every transformation 
which possesses these properties is a Mébius transformation 
and therefore analytic. 

It is very important to make the following rather obvious 
remark: if two circles c¢{ and c/ contained in C’ are the images 
of two circles of C, say of c, and cz, then the number of points 
common to the pair of circles c/ and c? is the same as the num- 
ber of points common to q and ¢:. In particular, if c, and c are 
tangent to one another the same is the case for ci and c; and 
conversely. 


3. Reduction of the Transformation to a Normal Type. In using 
transformations of M_ bius we plot the domain C and a circle D’ 
which contains in its interior the bounded point set C’ on the 
unit circles of two planes with coordinates x, y and x’, y’ respec- 
tively. In doing this we can always assume that the origins of 
both planes correspond to points of C and of C’ which are images 
of one another by the given transformation. 

Finally we make two inversions respectively on the unit 
circles of both these planes. 


4, Preservation of Parallelism. To the original transformation 
of the domain C into the point set C’ corresponds now a one to 
one transformation of the exterior £& of the unit circle in the 
plane with coordinates x, y intosome point set E’ lying outside 
of the unit circle of the second plane. To every closed circular 
line lying in & corresponds a closed circle of E’. Finally every 
straight line contained entirely in E is transformed into a 
straight line lying in EZ’. 

Likewise every pair of parallel straight lines of E is trans- 
formed into a pair of parallel straight lines of E’. 


5. Preservation of Orthogonality. Take now two such pairs of 
parallel straight lines lying in E and cutting at right angles. 
Suppose furthermore that there is a circle contained entirely 
in £ and circumscribed to the rectangle formed by these lines. 
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The whole figure is transformed into a circle of E’ in which a 
parallelogram is inscribed; this parallelogram must therefore 
be a rectangle. 

We infer herefrom without difficulty that two straight lines 
of E orthogonal to one another are always transformed into lines 
of E’ having the same property. 


6. The Image of C is a Domain. We take two circles of E 
which are concentric to the unit circle and consider two or more 
rectangles inscribed in the one of these circles and having two 
opposite sides tangent to the other. As the corresponding 
figure lying on £’ shows exactly the same disposition, the circles 
contained in these figures and which are images of the two 
circles considered above must also be concentric to one an- 
other. 

Furthermore let c be an arbitrary circle of E concentric to 
the unit circle. To every point P’ lying on the image c’ of ¢ 
corresponds a point P of c. To the tangent to the circle ¢ passing 
through the point P corresponds the tangent to c’ passing 
through P’. Consequently every point of the plane with co- 
ordinates x’, y’ exterior to c’ must belong to the point set E’. 
We conclude from this that E’ is an open set consisting of all 
the points which are exterior to a certain circle. The point set C’ 
which we have considered above must therefore be a circular 
disc and we could have taken the circle D’ coinciding with the 
boundary of C’. 

If we do this the point set E’ coincides with the exterior of the 
unit circle of our plane with coordinates x’, y’, and the circles 
of E concentric to the unit circle are transformed into circles 
of E’ having the same property. 


7. Preservation of the Centers of Circles. Take now a circle y 
lying in E whose center is at a distance from the origin greater 
than 2!/2, Under these conditions there are at least two diam- 
eters of y orthogonal to one another which belong to straight 
lines lying in E. There are also at least two tangents to the same 
circle cutting at right angles and parallel to the diameters which 
we have been considering and entirely contained in E. 

This figure transforms into a figure contained in E’ from 
whose inspection we conclude that if we call y’ the image of y, 
the center of y’ is the image of the center of y. 


AT 
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8. Preservation of Angles at the Origin. We take now the posi- 
tive number 


(1) aa re ater 
and consider the circle 

(2) at yta a 
and the circle 

(3) xf? $y’? = 7”? 


into which the circle (2) is transformed. We wil! show that every 
regular polygon inscribed in (2) and whose sides have a length 
less than (r—1) is transformed into a regular polygon inscribed 
in (3) and having the same number of vertices. 

Two adjoining sides of the former polygon must in fact, by 
the result of the last paragraph, be transformed into contiguous 
scgments of equal length inscribed in (3). The second polygon is 
therefore either a regular polygon similar to the first or it is 
starshaped. But in this Jatter case at least two sides of it would 
cross at a point interior to the circle (3) and such a point must 
necessarily be the image of a point exterior to the circle (2). But 
this is readily shown to be impossible by using a reasoning like 
that of §6. Thus it is proved that the two polygons are similar 
to one another. 

We apply this to all such polygons inscribed in (2) which have 
a common vertex at the point x=7, y=0. 

Any point of the circle (2) which satisfies the condition 


(4) xt ty = r-ettinis 


where p and g are arbitrary integers and g#0, can be considered 
as a vertex of one at least of these polygons. And we can always 
choose the coordinates x’ and y’ in such a way that the images 
of all the points (4) must be calculated by the formulas 

a ye 


(5) 


r 


Ul 


x 
tf) 
if Tr 


yf 

9. Families of Circles which Are Transformed by a Similarity. 
Take now all the tangents to the circle (2) whose points of con- 
tact coincide with the point set (4) and call A the set of points 
of intersection of each two of these tangents. Each point of the 
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set A will then be transformed into a certain point contained in 
the exterior of the circle (3) whose coordinates must be calcu- 
lated by (5). 

Call A* the family of circles, each of which is contained in E 
and passes through three points at least of the set A. The image 
of every one of these circles is necessarily connected with the 
circle itself by the transformation (5). 

We remark finally that the point set A is everywhere dense 
in the exterior of the circle (2) and that therefore every circle 
lying in £ and possessing points outside of (2) can be indefinitely 
approximated by circles belonging to the family A*. 


10. Proof of the Continuity of the Transformation. Our next 
step is to show that our transformation is necessarily continu- 
ous along the circle (2). If this were not the case there would 
exist on this circle at least one point Py» whose image on the circle 
(3) we obtain by a rotation around the origin through an angle 
6 lying between zero and 27. We could then construct a point set 
B analogous to our former point set A and a set of circles B* 
analogous to A* and possessing the following property: To ob- 
tain the image of a circle belonging to B* we must combine the 
amplification of §9 according to the cases either with a rotation 
around the origin through the angle @ or with a reflection on 
some diameter of the circle (3). 

In both these cases it is always possible to find two circles, 
say ¢ and ¢, both lying in the region 


(6) ce a aa 


cutting one another, and such that if we transform c,; by the 
amplification of §9 and c, by one of the transformations which 
have just been described, we obtain as result of these trans- 
formations circles which have no point in common. 

We now approximate c by a circle c** belonging to A* and 
c by a circle cs belonging to B*. If these approximations are 
close enough the circles c* and cs will cut one another and will 
be transformed by the transformation we study into circles hav- 
ing no common point. But this is in contradiction with the gen- 
eral principle laid down at the end of §2. 

We must therefore assume that all the points of the circle 
(2) are transformed into the points of (3) by the transformation 
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(5) and the same is then the case for all the points of the region 
(Gy: 

a The Theorem for the Circle. Take nowa point P of & lying 
between the unit circle and the circle (2). Consider two circles 
of E passing through P and possessing points inside of the 
region (6). By hypothesis these circles are transformed into 
circles and besides they contain arcs whose images we know. 

The result is that the formulas (5) must hold for every point 
of the region E. As this region must by assumption be trans- 
formed into E’ we find that we must have 


(7) r= 7, 
In short we have proved the following theorem: 


THEOREM 1. Every arbitrary one to one correspondence between 
the points of a circular disc C and a bounded point set C’ by which 
circles lying completely in C are transformed into circles lying in 
C’ must always be either a direct or an inverse transformation of 


Mobius. 


12. The General Theorem. We now consider a general region R 
and suppose that there exists a one to one correspondence be- 
tween the points of R and some point set R’. We assume further- 
more that by this correspondence circles of R are transformed 
into circles lying on R’. We call c and c’ two such corresponding 
circles and suppose that every point interior to ¢ belongs to R. 
Through every pair of points P and Q lying in the interior of c 
there passes at least one circle ¢, having no points in common 
with c. To this circle corresponds a circle c{ which has no point 
in common with c’. Therefore both points P’ and Q’ which cor- 
respond to P and Q must lie on the same side of c’. It follows 
that the interior of ¢ must correspond to a point set which lies 
on one side of c’. This point set is either itself bounded, or it 
can be transformed by an inversion on the circle c’ into a 
bounded set. In both cases we can apply the previous theorem. 
As the circle c can be taken at random we have finally the fol- 
lowing theorem. 


THEOREM 2, Suppose that to every point P of a region R cor- 
responds a point P’ of some point set R’ and that to twe different 
points P and Q of R correspond two points P' und C' of R' differ- 
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ent from one another. Suppose that to every circle c contained with 
its interior in the region R corresponds a point set of R’ which con- 
sists of all the points of a closed circle c'. Then the point set R’ is 
itself a region and the transformation of R into R’ is analytic and 
either a direct or an inverse transformation of Mébius. 


It is not difficult to generalize this result by restricting the 
class of circles c belonging to R which are supposed to be trans- 
formed into circles. Take for instance a continuous positive 
function $(P) defined everywhere in the region R. Then the 
theorem holds if we suppose that every circle of center P and 
whose radius is less than #(P) is transformed into a circle lying 
on R’. 

The following generalization of Theorem 2 is nearly self evi- 
dent if we note that three circles in space cutting one another at 
six different points must lie on the same sphere. 


THEOREM 3. Supposing that a plane region R 1s transformed by 
a one to one correspondence into an arbitrary point set R’ lying in 
n-space (n=3) under the same assumptions as before, then R’ must 
be a two dimensional sphere or a plane and the transformation 
is a transformation of Mobius. 


Other generalizations can also be imagined which, however, 
are outside the scope of this note. 
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2.7. The Poincaré models of hyperbolic 
geometry 


We have touched very briefly on the Poincaré disk model of the hyper- 
bolic plane in the Remark in Section 1.1. Here it seems appropriate 
to expand this discussion, though the reader interested in our main 
topics of inversion, circle preserving maps and conformal maps may 
skip this and the next section. 


The points of the Poincaré disk model of the hyperbolic plane H? 
are the points interior to the unit disk, and the lines are diameters 
and arcs of circles orthogonal to the boundary, |z| = 1. We begin 
by defining the distance between two points in this geometry. Given 
two points z; and z2, we constructed the hyperbolic or Poincaré line 
joining them in Section 1.1. Let ¢; and ¢) be the endpoints of the 
diameter or arc determining the Poincaré line (Figure 2.4). 


G2 
a 
al 
G1 
Figure 2.4 


The distance between z; and 22 is then defined by 


d(21, 22) = |log(z1, 22, G1, 2). 


Note that the cross ratio is real and positive so that the logarithm 
is defined; note also that the definition is independant of which end- 
point is designated as ¢,. The distance function d enjoys the follow- 
ing properties: d(z;,z2) > 0 with equality if and onlysifez, =e; 
d(z,,z2) = d(zz, z,); and if z is between z, and z3 on the Poincaré 
line, then d(z,, 22) + d(z2,z3) = d(z,z3). To see this last property 
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we multiply the cross ratios: 


(21 ~ G1) (22 = G2) \ (22 — Ci) (23 — Ga)\ _ (1 — Ga) (23 — G) 
(eee) erriginaay) ~ (Gr aeae3). 


Taking logarithms, we have 


log(21, 22, ¢1, C2) + log(ze, z3, G1, G2) = log(z1, 23, G1, 2). 


Each of these logarithms has the same sign, and we have d(z, 22) + 
d(z2, z3) => d(z1, 23). 

With this notion of distance, one can say that two Poincaré seg- 
ments are congruent if they have the same length. Angles in the 
Poincaré model are measured in the Euclidean way, i.e. the measure 
of the angle between two Poincaré lines is the Euclidean measure of 
the angle between their tangents. Now with these notions of con- 
gruence and angle measure, one can verify that all the axioms of 
Euclidean geometry hold in the Poincaré model except for the axiom 
of parallels (see e.g. Greenberg [16]). Indeed, as we noted in Section 
1.1, through a point not on a given Poincaré line, there are many 
parallels. 


We have seen that the linear fractional transformations form a 
group. If now U and V are linear fractional transformations mapping 
the unit disk onto itself, then so is their composition; also U~! is 
such a mapping. Therefore the set of all linear fractional transfor- 
mations mapping the unit disk onto itself is a subgroup of the group 
of all linear fractional transformations. Also U composed with the 
map z —> Z maps the unit disk onto itself, and the general anti- 
homography mapping the unit disk onto itself is of this form. We 
can therefore form the subgroup G of the group of extended Mobius 
transformations mapping the unit disk onto itself. 


Now let U € G and w; = U(z;), i = 1,2. Since the transforma- 
tions map lines and circles to lines and circles and are conformal, U 
maps the Poincaré line through z; and z2 toa line or circle through 
w , and we which, since |z| = 1 is mapped to itself, is orthogonal to 
|z| =1. Therefore U maps the Poincaré line through z; and Z2 to the 
Poincaré line through w, and w2. 
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Since transformations in G preserve the cross ratio of four collin- 
ear or concircular pomts, they preserve the hyperbolic distance be- 
tween two points in the Poincaré disk. Thus elements of G are isome- 
tries of the Poincaré disk model of the hyperbolic plane. We will see 
below that a hyperbolic circle in this model is also a Euclidean cir- 
cle. Thus an isometry of the Poincaré disk is a circle-preserving map 
and hence an element of G. Therefore C is the isometry group of the 
Poincaré disk model of hyperbolic geometry. The most basic isometry 
is reflection in a line, which here is just inversion in the circle whose 
arc in the unit disk is the Poincaré line. We state without proof the 
fact that if z;,z. € H?, the shortest curve in the Poincaré metric? 
joining them is the Poincaré line. Also, given a Poincaré line and a 
point not on it, the distance from the point to the line is given by the 
unique perpendicular from the point to the line. 


The group G acts transitively on the open unit disk; i.e., given z1 
and zy in the open unit disk, there exists U € G such that U(z)) = 22. 
To see this, note that U,(z) = e*?(z— z,)/(Z,z—1) maps 2, to 0. Let 
U, be a similar mapping taking z, to 0. Then U5 6; maps Zz; to 22. 
In fact we have shown that the subgroup of G consisting of the linear 
fractional transformations mapping the unit disk onto itself also acts 
transitively on the unit disk. 


Returning to the multitude of parallels to a given line through a 
given point, we observe that two of these are special. For a Poincaré 
line in H? let ¢, and C2 be the points on the boundary |z| = 1, and z 
a point in H? not on the line. Then the Poincaré lines through z and 
the boundary points ¢; and C2 are parallel to the given Poincaré line, 
since (),¢) ¢ H?; the rays from z to ¢, and Cy are called “limiting” 
or “asymptotic” rays (Figure 2.5). The perpendicular from z to the 
line bisects the angle between these rays (Exercise 1, at the end of 
this section), and the angle a between one of these rays and the 


2The length of a smooth curve between two points is found by integrating the 
element of arc length ds. For the Poincaré disk model of hyperbolic geometry the 
element of arc length is given by : 


A(da? + dy”) 


ds* = 
Queer? — 47)? 


(see e.g. [23], p. 242). 
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perpendicular is called the angle of parallelism at z with respect to 
the Poincaré line. 


wa 
OY 
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Figure 2.5 


We now derive a formula for the angle of parallelism. Let d be 
the distance from z to the Poincaré line; then 


Sf a 
e =tan 3" 
To see this, first, if necessary, map z to the origin and rotate about 
the origin so that the perpendicular is along the positive real axis 
(Figure 2.5). Let x be the foot of the perpendicular. Now d = 
| log(0,z,—1,1)| = log — and note that z = seca — tana. We 
then make the following computation: 


_g 1-2 cosa—1+sina  cos*a+2cosasina+sin?a—1 


e = oO tie Si aa be atae 
1l+z cosa+l1-—sina cos? a +2cosa+1-—sin?a 
sina 2 cos 5 sin 5 a 
= = = tan — 
2a 
cosa+ 1 2 cos 3 2 


From this formula we make the important observation that the dis- 
tance from one asymptotic ray to another tends to zero. In the above 
formalism let the point z move along the asymptotic ray to the bound- 
ary point ¢); as it does, the angle of parallelism tends to > and hence 
the distance d —> 0. 

On the other hand, for two parallels which are not limiting, the 
distance between points on one Poincaré line and points on the other 
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goes to infinity. Notice that, in fact, as a point z moves to the bound- 
ary along one ray, the foot of the perpendicular from z to the other 
Poincaré line approaches a finite point, i.e. a point still in the interior 


of the disk. 


A second common model of the hyperbolic plane is the Poincaré 
upper half plane model. Here the points of the geometry are the 
points z in the upper half plane, i.e. Gz > 0, and the lines are 
either vertical rays from points on the real axis or semicircles with 
diameter on the real axis. Given two points z, and z2 in the upper half 
plane, the Euclidean perpendicular bisector of the Euclidean segment 
joining them meets the real axis at the center of a semicircle through 
the two points. If we let ¢; and ¢) be the endpoints of the semi- 
circle, we can define distance in this model as in the disk model, viz. 
d(z1, 22) = | log(21, z2, 1, ¢2)I. 

Since we have studied linear fractional transformations mapping 
the unit disk onto the upper half plane, we immediately have a one- 
to-one mapping of one model onto the other which maps the lines of 
one modei to the lines of the other, preserves distances, and maps 
the isometry group of one model to the isometry group of the other. 
Thus the two models are isometric, and some properties are easier to 
prove in one model than in the other. 


In our discussion of parallels we saw that the distance from one 
asymptotic ray to another went to zero, but for non-asymptotic par- 
allels the distance between them goes to infinity. Thus in neither case 
are parallel lines equidistant sets. This raises the question of what 
a set of points equidistant from a line on one side of the line might 
be. Let ¢; and C2 be the boundary points of a Poincaré line in either 
model, and consider an arc of another Euclidean circle through ¢, 
and ¢2 (Figure 2.6). We will show that the Poincaré line and this 
arc are equidistant sets. First map the disk model to the upper half 
plane model, or apply an isometry of the upper half plane model, 
so that the image of the Poincaré line is a vertical line (¢; —> 0, 
C2 —> oo) (cf. Section 2.5 and the exercises below). Then the arc 
will be mapped to an oblique Euclidean ray from the origin (see Fig- 
ure 2.6). Let ia be a point on the imaginary axis, and consider the 
semicircle centered at the origin of radius a. Let b + ic be the point 
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of intersection of the oblique Euclidean ray with the semicircle, and 
note that the semicircle is perpendicular to both Euclidean rays. The 
distance between ia and b + ic is the logarithm of the cross ratio 
(a,b + ic,-a,a) = ais: Now if we start with the point ia, its 
distance to the point ub + 7c on the other ray is the same, since 
(uia, wb + ipc,—pa, a) = (ia,b + ic,—a,a). In particular we also 
note that the Euclidean homothety (stretching or shrinking) w = pz 
is an isometry of the upper half plane. 


Figure 2.6 


We just noted the role played by a Euclidean circle with an arc in 
the Poincaré disk. A circle lying in the disk except for a point of tan- 
gency with the boundary is called a horocycle in hyperbolic geometry. 
In the upper half plane model a horocycle is either a circle tangent 
to the real axis or a Euclidean line parallel to the real axis. Any two 
horocycles are congruent, i.e. there is an isometry mapping one onto 
the other. To see this, first use a rotation of the unit disk to position 
the two horocycles so that they have the same boundary point. Now 
map the unit disk to the upper half plane with the common boundary 
point being mapped to oo. The horocycles are then mapped to a pair 
of Euclidean lines parallel to the real axis. Let y = a and y = b be 
these lines. Then w = by maps y = a to y = b and is an isometry of 
the upper half plane. Noting also that (2 + ia, zr + tb,z,00) = f, we 
see that two horocycles with the same boundary point are equidistant 


sets. 
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We have discussed arcs of Euclidean circles lying in the disk and 
Euclidean circles tangent to the boundary, so now consider a Fiu- 
clidean circle which lies entirely in the open unit disk. We have seen 
that two non-concentric circles can be inverted to concentric circles. 
Following this by a homothety and translation, as necessary, we have 
an isometry of the disk mapping the given circle to one concentric 
with the origin. Rotation about the origin is both a Euclidean and a 
hyperbolic isometry; thus a Euclidean circle within the disk centered 
at the origin is also a hyperbolic circle. Therefore, mapping this cir- 
cle back to its original position by the inverse isometry, we see that a 
Euclidean circle lying in the disk is also a hyperbolic circle, but the 
Euclidean center is not the hyperbolic center except when the center 
is the origin (Figure 2.7). 


Figure 2.7 


Finally. and perhaps most dramatically, we note that the sum 
of the angles of a triangle in hyperbolic geometry is less than 180°. 
We won't discuss this in detail, but refer to [16] for an extensive 
discussion of the angle-sum question. Suffice it to observe that one 
can construct triangles with angle sum as small as one likes, e.g. less 
than 1°. In the disk model. simply take a triangle whose vertices 
are near. in the Euclidean sense, to the boundary; then all three 
angles will be very small. There are other interesting phenomena in 
hyperbolic geometry, e.g. that AAA is a congruciice! and hence there 
is no notion of similarity in hyperbolic geometry, but we leave these 
for a more thorough treatment as in [16]. 
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EXERCISES 


1. For a given Poincaré line and point z not on it, prove that the 
perpendicular from z to the line bisects the angle between the limiting 
rays from z to the Poincaré line. 


2. Show that the linear fractional transformations with ad — bc = 1 
and a, b,c.d real form a group H. Here H is the group of orientation 
preserving isometries of the upper half plane model of the hyperbolic 
plane. Show that H acts transitively on the upper half plane. Show 
also that, given a boundary point ¢ on the real axis, there is an 
element of H mapping ¢ —> oo. 
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Before considering our topic we give, by means of exercises, some 
further geometry of the circle. 


EXERCISES 


1. In Chapter 1 we saw that through two points in the interior of a 
circle and not collinear with the center, there exists a unique circle 
orthogonal to the given circle. Show that through two point in the in- 
terior of a circle C there exist two circles tangent to C. Hint: Consider 
tangents to C from the point of intersection of the line through the 
two points and the line through the points where the circle orthogonal 
to C through the two points meets C. 


2. Let P be a point in the interior of a circle C. Find the locus of 
points equidistant from P and C. Using this, give another solution to 
Exercise 1. 


3. Let C be the unit circle, z; and z2 two points in the interior of C, 
and C, and C> the circles through z, and z2 tangent to C found in the 
previous exercises. Let t; and ty be the points of tangency of C; and C2 
with C, respectively. Given a negative number yp, let a; and a2 be the 
points on C; and C> respectively such that (21, 22,@;,t;) = u,t = 1,2. 
Show that there exists a circle A tangent to C, and C2 at a; and ay 
(Figure 2.8). Hint: Invert with z; as center of inversion. 
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Figure 2.8 


We have already seen that a linear fractional transformation maps 
lines and circles to lines and circles; here we consider a subcollection 
of these transformations and the set of pre-images of a fixed point 
on a segment. This problem is sometimes called “the distortion of a 
segment” . 


Let z; and zg be two points in the open unit disk, and w; and 
W2 two points in the plane. Consider the set of all linear fractional 
transformations mapping z, to w;,7 = 1,2, and the unit disk to a disk 
or half plane (i.e. from all linear fractional transformations mapping 
z; to w; we exclude those mapping the unit disk to the exterior of 
some disk). Let w = (1 — A)wi + Aw2 be the line through w; and 
wz. Now for a fixed value of 4,0 < A < 1, we seek the set 2 of all 
points a which are mapped to the point (1 — A)w, + Aw2 by some 
linear fractional transformation in our subset. 
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Theorem 2.11. In the notation of Exercise 3 above and Figure 2.8, 
Sean = . Then 2 consists of the circle A of Exercise 3 and its 
interior.® 


Proof. Since the transformations are mapping the unit disk onto a 
disk or half plane, the pre-image of co must be a point ¢ with |¢| > 1, 
and hence the pre-image of the segment w)w2, which is a circular arc 
or segment, must lie in the spindle-shaped region between C, and Co». 
Now the points a; and a2 of Exercise 3 belong tu A because the linear 
fractional transformation mapping 2}, 22, a; to w;, w2, (1—A)w, +Awe 
is given by 


(21, 29, Ge) — (Wi, Wo, (1 —A)ui + Aw2, w) 


and takes t; to oo since 
(wy, We, (1 — A)wy ae Awe, 00) = yaa 
Now for general a € 2 the linear fractional transformation (21, z2, a, z) 
= (Ww), We, (1 — A)w); + Aw2, w) must be such that the pre-image ¢ of 
oo satisfies |¢| > 1 and 
A 


A-1 


(21, 22, a,¢) = 


Solving for a, we have 

- -((1 — A)z4 ar ANz2)6 + 2122 

=O + dz + (1—A)z2 
and 
[—((1 _ A)zZ4 ai Az2)|[Az1 + el — d)z2| +222 = (A _ 1)(z — z2)? = (). 
Thus we have a linear fractional transformation for a in terms of ¢. 
It maps oo to (1 — A)z, + Azo, so that the image of {¢||¢| > 1} must 
be a closed disk lying in the spindle-shaped region between C; and 
Cy. We have already noted that a; and a are in the closed disk, so 
this disk must be the circle A and its interior. O 


3An interesting, more general result is known in complex variable theory. Con- 
sider the set of all holomorphic functions mapping z; to w;, 7 = 1,2, and the unit disk 
in a one-to-one manner onto a convex set. Then again the set of points mapped to 
(1 — A)wi + Aw2 by these functions is the circle A and its interior (Aumann [8)]). 


Chapter 3 


Advanced Calculus and 
Conformal Maps 


3.1. Review of advanced calculus 


This section is intended primarily to provide a review of some results 
and notation from standard courses in advanced calculus and real 
analysis, and to set the stage for our later work. Consequently we 
will present results without proof, and the reader may consult any 
standard text for more details (e.g. [2], [4], [14]). 


We denote by R” the set of n-tuples (z',...,2”) of real num- 
bers and for simplicity write x for (z',...,2"). Denote the distance, 

: on ye 
( ye (x' ye) 
distance between x and y. 

The open ball in R” with center x9 = (xj,...,2) and radius r, 
denoted B,(xo), is defined by 


, of x from the origin by |x|. Then |x — y| is the 


B,(xo) = {x||x — xo] <r}. 


A subset U C R” is said to be open if for every point x € U, there 
exists a ball B,.(x) C U. 

A set S C R” is said to be arcwise connected if every pair of points 
in S may be joined by a continuous curve lying in S. An open arcwise 
connected set is called a region. A set S is bounded if there exists a 
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ball B,(x) such that S C B,(x). A point x9 is an accumulation point 
or a limit point of a set S if every open ball B,(x9) contains a point 
x # Xp belonging to S. The union of S and its accumulation points 
is called the closure of S. A set S is dense in a set T if the closure of 
S contains T; e.g. the rational numbers in [0,1] form a dense subset 
of [0, 1]. 

Consider now a function f defined on an open set U C R” with 
values in R’. Such a function may be described by m real-valued 
functions f!,..., f’" defined on U. Let x = (z!,...,2") € U and 
f(x) = (y',... ,y™) GOR”; then f is given by y’ = 7 (@',...,2) 

.y™ = f™(a},...,2"). The functions f!,...,f™ are called the 
component functions of f. 


Example 3.1. A parametric curve x = x(t), y = y(t) in the plane 1s 
a function f :R —> R? whose component functions are x = x(t) and 
y = y(t). 

Example 3.2. Inversion in the unit circle is a map f : R® — {(0,0)} 
—» R? given by 


x Y 
Zz, = Sac ll on oe 
f(x,y) (= Te “ 
Example 3.3. Rotation in the plane about the origin through an an- 
gle 0 is a map f : R? — R? given by 


f(x,y) = (xcos@ — ysin@, xsin 6 + ycos@). 


Let f : S C R” —> R™ be a function defined on a set S in R”, 
Xo an accumulation point of S, and yo € R™. Then 


jim f(x) =yo 


means that for every ball B.(yo) C R™ there exists a B;(x9) C R” 
such that f(x) € B.(yo) whenever x # xo is in Bs(x9) NS. It is 
easy to show that lim,_.x, f(x) = yo if and only if each component 
function f* of f has limit yj. We say f is continuous at xo if f (xo) 
is defined and limy_.x, f(x) = f(xo); and we say f is continuous on 
a set S if it is continuous at each point of S. 


Now let f be a real-valued function defined on an open set U C 
R”. Let xo = (zj,...,2§) € U. By the partial derivative of f with 
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respect to x’ at xp we mean 


i Alaa mat he...) eh ae) 
h-0 h 
provided this limit exists, and we denote the partial derivative by 
of 
Ox* (Xo). 


Recall that in the calculus of one real variable, the existence of 
the derivative at a point implies the continuity of the function at 
the point. This is no longer true for functions of several variables, 
eg. if f(z,y) = x+y if x = 0 or y = 0 and 1 otherwise, then 
Sf (0,0) = stil. 0) = 1 but f is not continuous at (0,0). 

We shall use the following terminology. A function f is said to be 
of class C° at a point or on a set if it is continuous there. A function 
f is of class C* if the partial derivatives of order k exist and are 
continuous, and a function f is of class C° if it has continuous partial 
derivatives of all orders. Finally, f is of class C’ or real analytic at 
a point if it is represented by its Taylor series on some neighborhood 
of the point. For example, f(x) = en l/e’ - 0, and ((0)= Oe. Gee 
at x = 0 but not analytic there. Informally we will sometimes say a 
function f is smooth if f has sufficiently many continuous derivatives 
for the purpose at hand. 


Recall also the following theorem on the interchange of order of 
differentiation. 

Theorem 3.1. If f is of class C? on a neighborhood of xo, then 
6? i 6? f 
Data *) = Fpiged XO): 

Let f be a real-valued function defined on an open set U C R” 
and let xp € U. We say f is differentiable at xo if there exists a linear 
map dfx, : R” —> R such that 

— —af. (x — x 
tim W(X) = fo) = fxo (= Xo)! _ 9) 
x—Xo |x = Xo| 
The map df,, is called the differential of f at xo. If f is differentiable 
at every point of U, we say f is differentiable on U. Notationally, 
for a vector v € R” we write dfx,(v) or just dfx,v. The following 
theorems are proved in standard advanced calculus courses. 
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Theorem 3.2. If f has a differential at xp, then the partial deriva- 
tives of f exist at xo and 


dhes(v) = 5 (xo) 


Theorem 3.3. If f is of class C! at xy, then f has a differential at 
xy. If f has a differential at xy, then f is continuous at xq. 


As a corollary, note that if f is of class C*, then f is also of all 
lower classes. 


Theorem 3.4. Jf df, = 0 holds throughout a region, then f is con- 
stant on the region. 


More gencrally if f : U C R°” —> R™ and xo € U, we define the 
differential of f at xp to be the map df, : R” —> R”, if it exists, 
such that df, is linear and 


|f (x) — fo) — dfx (x — Xo)| = 


lim 0. 
x—> XO ees = Xo| 
Again the above theorems hold, and, in particular, if f',... ,f are 


the component functions of f, then 


nr 


". Of} m 
theo) = (So FE Go)". 2 FE oce'). 
1) 


toll 


In particular, the matrix of the linear map df, with respect to the 
standard bases of R” and R™ is 


In the case that f : UV C R” —> R", the determinant of the above 
matrix is called the Jacobian of f at xo and denoted J;(xo). Clearly 
dfx, is non-singular if and only if Jy(xo) 4 0. The most important 
property of the Jacobian is the inverse function theorem: 


Theorem 3.5. Let f be aC}, R”-valued function defined on an open 
setU CR", and let xy € U. Suppose Js(xo) 40. Then there exist an 
open set V containing xp and an open set W containing f(xy) such 
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that f : V —+ W is one-to-one and onto. Moreover, f-': W —>V 
isto class C’. 


Thus we see that the non-vanishing of the Jacobian (equivalently, 
the non-singularity of the differential) implies that the mapping is 
locally one-to-one. This is not a global result, however. For exam- 
ple, f(x,y) = (e* cosy, e* sin y) is locally one-to-one since J;(z, y) = 
e** £0, but not globally one-to-one since f is periodic in y. 

Now let f : U C R” — R? and g: V C R” — R” be mappings 
with g(V) C U. Then the composition f og is defined by (f 0g)(x) = 
f(g(x)). If g is differentiable at xo and f is differentiable at yo = 
g(xo), then f og is differentiable at xy and we have the chain rule 


d( fo 9)xo = af g(x0) © dgx,. 


In terms of matrices we have (setting y = g(x) and yo = g(xo)) 


og)? O(fog)* 
can (xo) --- "322° (xo) 
) O(fo \P 
a 9? (xq) — (xo) 
1 1 1 
Pe r(yo) --- $4-(yo) $2 (xo) --- $&(xo) 
; fe) a. fa) te 
af (yo) ie 5£ (yo) gar (Xo) +++ Bar (Xo) 


If r =n =p, then J(fog)(xo) = Js(Yo)Jg(xo0); in particular. if dfy, 
and dg, are non-singular, so is d(f °g)x,- 

Recall that if x(t) = (x'(t),... ,x"(t)) is a differentiable curve in 
me” thenex’ (t= (2'"(2),... px" (0) isthe velocitywectorto thecurve 
at the point x(t). If x’(t) 4 0, then the curve is regular at x(t) and 
x’(t) is called the tangent vector to the curve (or a tangent vector, as 
appropriate). Suppose f : U C R" —> R” is differentiable and that 
df,, is non-singular for every x € U. If x(t) € U for all ¢ in some 
interval J, then y(t) = f(x(t)) is a curve in R” defined on J and its 
tangent is given by 


yo=(> OT), S0 ee (0) = aaen(x(®), 


ee 4 Ox ¢ 
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Thus the linear map df,,;;) maps the tangent vector of a curve at x(t) 
to the tangent vector of the image curve under the mapping f at the 
corresponding point. 

Also, if s denotes arc length along the curve from some point, 
then 


In pa for a regular curve, the length of the curve from x(t,) 
to x(t2) is ee |x’ (t)|dt. 


Again suppose that f : U C R” —> R™. We define the second 
order differential d? f,,, : R” x R” —> R™ in terms of the component 
functions of f by 


. re 6 fi ue Cte 
Zz = J J 
dpa, w) = Oo Ba 8e aaa (Xo)v* w ba10 aa (xo) v" w ), 
d? f is d(df) in the following sense. For a fixed vector v € R” consider 
the map df(v) . UU Cc R” —> R™ defined by df(v)(x) = df,(v); then 
d fxo(v, w) = d(df(v))xo(w). 
Similarly, we define differentials of order 3,4,...; e.g. 
Caan R” x Ree R™ 
is defined by 
aE 23 fi 
d° f,.,(u, v, Ww) = Oy ae eu Jute wr... , 


Oxk Oxi Oxi (0 


Of m ee 
DS _ Ox* Axi Ox! OT er 
Note in particular that if f is of class CO”, then 


2 
d Fxo(¥1, V2), ae (Vi, V2, V3), oe ca’ fe tee Vk) 
are symmetric in the v,’s. 


Finally we state Taylor’s theorem for functions of several vari- 
ables. 
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Theorem 3.6. Suppose f : U C R" —> R™ is of class C*. Let x 
and y be points in U such that the line segment I(x, y) joining x and 
y lies inU. Then there exists a point z € I(x, y) such that 


k-1 
fly) =F) + > ad fely —x) + = — d* fa(y — x). 
cle 


In the special case k = 1, this is just the mean value theorem. 
For example, if f : U c R* —> R, then there is a point (€,7) € 
U((x,y), (Zo, yo)) such that 


Flesy) — flo, wo) = $2 (Ema ~ 20) + FEE. m)(y ~ wo) 
EXERCISES 


1. Let U be an open set in R” and f an R™-valued function defined on 
U. Show that f is continuous if and only if each component function 
f’: U — Ris continuous. 
2. Let 
ay(x? — y’) 

fo 
for (x, y) 4 (0,0), and let f(0,0) = 0. Show that 


oa Of 
pyor  anan 0). 


f(z,y) = 


Sie luetugis )eacr sin + for 20 and g(0) = 0; lew f(y) = ge) + 
g(y). Show that f has a differential at (0,0) but is not of class CG 
there. 


4. Suppose f(x,y) = 0 for (x,y) in the first and third quadrants and 
on the axes. In the second quadrant suppose that f(z,y) = —z if 
y > —x and f(x,y) = y if y < —a. In the fourth quadrant suppose 
f(x,y) =y ify > —x and f(x,y) = —2 if y < —x. Show that both 
first partial derivatives exist at (0,0), but that f does not have a 
differential at (0,0). 
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5. We noted in Example 3.2 that inversion in the unit circle is given 
by 


fead= (stata). (x,y) 4 (0,0). 


Find df(z,y) and Js(z, y). 


6. Suppose f : R? —> R? is differentiable and df;,..,) for all (a, y) is 
given by c a _ where a and b are constants such that a? + 6? = 1. 


Find f, and describe it geometrically. 


7. Prove the following extension of Exercise 2 of Section 2.7. Given 
two points z,, 22 in the upper half plane, a unit vector u at z; and a 
unit vector v at 22, show that there exists T € H such that T(z,) = z2 
and dT,,(u) = v. 


8. In Exercise 7, remove the hypothesis that u and v are unit vectors, 
but assume the conclusion that dT, (u) = v. Show that u and v have 
the same length. 


9. Similarly to Exercise 7, prove the following two-point homogeneity 
property. Given points z), w), 22, W» in the upper half plane such that 
the distance between z; and wy, is equal to the distance between z, 
and w,, show that there exists T € H such that T(z,) = zg and 
T(w 1) = wo. 


3.2. Inner products 


For two points v, w € IR” we define their inner product (v,w) (often 
called scalar product or dot product, v-w) by 

fi 

(vw) = So vtw'. 

i=1 
Clearly (v,v) = |v|?, the square of the distance of v from the origin. 
and similarly |v — w| = (v—w,v—w)!/? is the distance between 
v and w. Note that the inner product is symmetric and bilinear. 
ie. (v,w) = (w,v), (au + bv,w) = a(u,w) + b(v,w), a,b € R, and 
similarly in the second variable. 


Now apply the law of cosines to the following triangle (Figure 
Sel). 


3.2. Inner products ca 


Figure 3.1 


Then |v — w|? = |v|? + |w|? — 2|v||w]| cos@, but 
lv a w|? = (v mo 5 V =) = (v, Vv) a 2(v,w) ar (w,w), 


and hence the angle @ between two vectors v, w is given by 


In particular, if v and w are non-zero, then (v,w) = 0 if and only if 
v and w are orthogonal. 

As before, let U be an open set in R”, and consider two differen- 
tiable maps f,g : U —> R™. Then (f(x), 9(x)) = 0)", f7(x)g? (x) 
defines a map (f,g): U — R. Note that 


F(x), 900) = Do ($5 C09? 0) + 700 3200). 


Consequently 
d(fiabelv) = Yo pas\Feo ato) 
= (SE cor'sh oo +0055 00") 


i=l je 
= (dfx(v),9(x)) + (f(x), dgx(v)). 
We shall also have occasion to differentiate inner products of dif- 
ferentials, e.g., 
d(df(u), dg(v))x(w) 
aa (d° fx(u, w), dgx(v)) + (dfx.(u), d?9x(v, w)). 
Recall that in a vector space V of dimension n, n linearly in- 


dependent vectors constitute a basis of V. Moreover, given a basis 
{e1,... ,€n}, every vector v € V has a unique expression of the form 
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v = D0, v'e;, v' € R. Also, given p, p < n, linearly independent 
vectors V1,.-. ,V», we can find a basis of V such thatev;, .<e , vgabe- 
long to the basis. 

Let L be a linear functional on V, i.e., L is a linear map of V into 
R. Clearly if L vanishes on the elements of a basis, L = 0. 

Regarding R” as a vector space, let B be a symmetric bilinear 
form on R”, ie. B(v,w) € R, B(v,w) = B(w,v), B(au+t bv,w) = 
aB(u,w)+bB(v,w), a,b € R, and hence, of course, B(u, av +bw) = 
aB(u,v) + bB(u, w). 


For later use we prove the following theorem. 


Theorem 3.7. Let B be a symmetric bilinear form on R” which van- 
ishes on all orthogonal pairs of vectors. Then there exists a real num- 
ber a such that 

B(v,w) = a(v,w). 


Proof. For fixed v € R”, v # 0, let 


B 
L(w) = B(v, w) — Te ws) 
Then L(v) = 0 and L(w) = 0 for every w orthogonal to v; thus L 
vanishes on a basis and hence L = 0. Similarly, holding w fixed, 


pela) vy =—0 


Ble Y) ~ “ee, w) 


for all v. Therefore 
Biv,v) _ B(w,w) 


(v,v) — (w,w) 
for all non-zero v, w; calling this common value a, we have B(v, w) == 
a(v,w). | 
EXERCISES 


1. Let B be a symmetric bilinear form and define a quadratic form 
Q by Q(v) = B(v,v). Show that Q determines B. 


2. Let U be an open set in R” and f a C' function on U. Define the 
gradient of f at x € U to be the unique vector grad f, such that 


(grad fx, v) = df,(v) 
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for all v. Let {e1,....e,} be the standard basis on R”; show that 
this definition of gradient is equivalent to 
n 
Of 
Tada), = : y 
£ oe 7 Oxi (x)e; 


3. Consider a level surface of a smooth function f in R®, i.e. a surface 
given by the equation f(x, y,z) =c, c a constant. Show that gradf 
is normal to the surface. 


4. Note the dependence on the inner product in the definition of 
gradient in the Exercise 2. Let B be a positive definite symmetric 
bilinear form. Define the gradient of f with respect to the inner 
product given by B by B(grad;,f,v) = df(v). Suppose that on R?® 
with standard basis {e;,e2,e3} an inner product is given by 


1+y? 0 -y 
(B(e:,e;)) = 0 1 0 
a ea ell 


If W = grad, f = W'e,+W7e2+W es, find W!, W?, W® in terms 
of the partial derivatives of f and the variable y. 


3.3. Conformal maps 


We have already used the notion of a conformal map as an angle- 
preserving transformation. Let us now see how we may describe this 
notion analytically. 


Theorem 3.8. Let f be a one-to-one mapping of an open set U in 
R” onto f(U) such that df, is non-singular for allx € U. Then f 1s 
conformal if and only if, for all vectors v,w € R”, 


(dfxv, dfgw) = e??) (v, w) 


for some real-valued function o on U. 


Proof. Suppose (df,v, df,w) = e?’(v,w). If @ is the angle between 
v and w and ¢ the angle between df,.v and df,,w, then, since |df,v| = 


e? |v, 
(dfcv,dfxw) _ €°7(V,W) _ cos 8 


COS P= Tar vildfew|  e*|vle7|w| 
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so that f is angle preserving. 


Conversely, suppose that f is angle preserving; then, at each point 
x € U, B(v,w) = (dfxv,df.w) is a symmetric bilinear form which 
vanishes on orthogonal pairs v,w. Thus by Theorem 3.7 (dfxv, dfxw) 
is proportional to (v, w) at each point. Again since f is angle preserv- 
ing, (df.v,df,xw) and (v,w) have the same sign; thus, denoting the 
proportionality factor by e27(*), we have (dfxv, df,yw) = e27™ (v, w) 
as desired. [3) 

In the above theorem the function e? is called the characteristic 
function of the conformal mapping f. Note that e7*) = |df,v|/|v| 
for all v # 0, and therefore we always regard a conformal map as 
being non-singular in its domain of conformality. 


EXERCISES 


1. Suppose that f : U Cc R” — R” and g: V Cc R” — R?’” with 
g(V) CU are both conformal with characteristic functions e? and e? 


respectively. Show that fog is conformal with characteristic function 
Grain 


2. If f: U CR” — R" is conformal with characteristic function e7, 
show that f~! is conformal with characteristic function e77°/ 


3. Show that the map f : R* — R? given by f(x,y) = (2? —y?, 2zy) 
is conformal except at the origin. Find the characteristic function. 


Chapter 4 


Conformal Maps in the 
Plane 


4.1. Complex function theory 


We have seen that the extended Mobius transformations (homogra- 
phies and anti-homographies) are conformal mappings. However we 
shall see in this chapter that there are many more conformal maps 
in the plane. For this purpose we must first study a little complex 
function theory. 


Let f be a complex-valued function of a complex variable z = 
x+iy. We denote by u and v the real and imaginary parts of f, i.e., 
f(z) = u(z, y) + iv(z,y). In this way f is a map, f :U Cc R? — R?, 
with component functions u and v, where U will always be an open, 
arcwise connected set. We say that f as a function of z is continuous 
if f as a map is continuous. However we will see that the notion of 
the derivative of f is stronger than its differentiablility as a map given 
in the last chapter. The derivative of f at z € U, f'(z), is defined 
by 

/ _ f(z +h) — f(z) 

P20) = jin PE 
provided the limit exists (and, of course, the limit is defined in terms 
of h € C being in a neighborhood of 0 € C). We say that f is 
holomorphic or analytic at zo if f has a derivative at every point of 
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some neighborhood of zy. In particular, if f has a derivative at every 
point of U, we say f is holomorphic on U. Note that since the limit 
is independent of how h tends to 0, the existence of f’(z) implies the 
continuity of f at zo. 

Since we will not have many applications of differentiation to 
special cases, we simply remark without proof that the usual rules for 
differentiation hold for complex differentiation. The reader is referred 
to any standard text for details, e.g. [8], [13]. 


Theorem 4.1. Let f be defined and continuous on an open set U, 
and let 29 = 20 + iyo € U. Suppose f'(z) exists. Then 


Ou Ov Ou Ov 


Bq (20 0) = By (20 Yo): By (Oro) =i — By, (20 Yo): 


Conversely, if u(x,y) and u(z,y) are of class C} on a neighborhood 
of z9 and their partial derivatives satisfy these equations at zo, then 
f(z) = u(z,y) + iv(x, y) has a derivative at zo. 


Proof. Supposing f’(zy) exists and taking h real, we get 


f (zo +h) — f (20) 


h 
u(Zo + h, yo) — u(zZo, Yo) (to +h, yo) — v(Zo, Yo) 
= h apt = =e 


and hence 3 3 
UL OV 
(Ma) = By (10 Yo) +15 (Xo; Yo). 
Similarly, taking h imaginary, say h = ik, k real, 


F (zo +h) — f (zo) 


h 
* Ss u(zo, yo tk) — u(zo, yo) , v(to, yo +k) — v(xo, yo) 
= (= | st 
1 k k j 
and hence 


Ou Ov 
/ . 
vA Ss) = 
f' (20) is (Zo, Yo) + By (Zo, Yo). 
Now comparing these two expressions for f’(zo) we see that 


Ou Ov Ou Ov 
Bq (t01 0) = By (20 Yo)» By (70 Ho) = — Bz (701 Yo): 


these equations are called the Cauchy-Riemann equations. 


4.1. Complex function theory (es 
a a rs 


Conversely, suppose that u and v are of class C! on the disk 
B.(zo) of radius € about zo. Now h —> 0 corresponds to z —> zo, 


and it suffices to consider z € B.(z). Write h as a+ ib. Then 
Etzoth)— f{z0) Zot hf #2) becomes 


u(xo + a, yo + 6) — u(zo, yo) pe vo + a, yo + 6) — v(x, yo) 


a+b a+ib 
= a ee ae Gy 0) aE b) = u(Xo, Yo + b) 
a+ ib a 
4g vito + a, Yo ag b) me v(Xo; Yo ar _ 
a 


ef b — Hob) —ultago) . . veo, yo + 6) Uo, _ 
Saari ar 2 : 
a+b b b 

By the mean value theorem there are points (£1, yo +0) and (£2, yo +) 
on the line segment /((xo + a, yo + 6), (Zo, yo + 8)) and points (x0, 71) 


and (29,72) on l((xo, yo + 9), (20, Yo)) such that sao hoe becomes 


(= (on yo +b) +85" = (6; yo + 6)) 
b 


a+ib 


(2 (eo,m) + Me )) 
Oy 0,71 By 0,772) }- 
Now, since u and v are of class C . we can write 


se yo +b) = Da es el 


where €«; —~ 0 as h — 0, and similar expressions for the other 
partial derivatives, giving 


feo Dalley = A (sp) + e+ (no, so) en) 


h a+ ib 
(= (x )+e +i-(x ) + ies). 
il Ay 0, Yo 3 ) 0,40 4 


Thus, using the Cauchy-Riemann equations at (xo, yo), we have 


f(z + h) — f{%o) 
ss 


ae, + ia€n + beg + tbe, 


Ov 
e* (0,40) +i5~ 7 (0 Yo) + are 
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Now |a| < ja + ib| and |b| < ja + 7b], so that 
ae, + ia€g + bez + tbE4 

a+ ib 
and hence, taking the limit as h —> 0, we have 


< |e; + t€2| + les + tea], 


O a 
Ve Fg (20 U0) as i5- (to, ¥o): 
ia 


Using Theorem 4.1, we note that the function f(z) = 2 = x—iyis 
not holomorphic. However, if g(z) = o(2, y)+iw(x, y) is holomorphic, 


then f(2) = u(r, y)+iv(2, y) = g(z) satisfies Gu — 9 and 2 = ge 


Conversely, if f(z) = u(x, y) +iu(z, y) is of class C' and satisfies these 
equations. then f(z) is the conjugate of some holomorphic function. 
Indeed. setting @(x, y) = u(z, y) and W(x, y) = —v(z, y), we find that 
a = a, nd 7 = -* Thus g = ¢+ i = f is holomorphic, 
and hence f = g. We say a function f is anti-holomorphic if f is the 


conjugate of a holomorphic function. 


EXERCISES 


1. bet f)—2z"/|\z)itor z #0 and f(0)= 0. Show that fwasiehes 
the Cauchy-Riemann equations at (0,0) but that f’(0) does not exist; 
conipare with Theorem 4.1. 


2. If f is holomorphic on U, show that, as a map of U C R? —> R?, 
its Jacobian is | f’(z)|*. 


3. If f is anti-holomorphic on U, show that, as a map of U C R? —> 
R*, its Jacobian is non-positive. 


4. Find the Jacobian of a linear fractional transformation T, and 
show that it is identically 1 if and only if T(z) = ez +b. 


4.2. Abundance of conformal maps 


We now show the relation between conformality and holomorphy and 
anti-homorphy, and hence the abundance of conformal maps in the 
plane. Recall that we have taken conformality to mean the preserva- 
tion of angle not including the sense or orientation of the angie. Many 
complex analysts require that conformality includes the preservation 
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a ea ee 


of sense, and hence they would not include the anti-holomorphic case 
in the next theorem. 


Theorem 4.2. Let f : U C R? —> R? be of class C! with non- 
vanishing Jacobian. Then f as a map is conformal if and only if 
f, as a function of the complex variable z, is holomorphic or antt- 
holomorphic. 


Proof. By the inverse function theorem f is locally one-to-one. We 
must show that f satisfies 


(df.v, df.w) = 22) (vy, w) 


for some function o and for all vectors v and w if and only if the 
component functions u and v of f satisfy 


a 
(4.1) ee ee ‘ 


Recall that df,v is given by 


Ou du 1 Ou,,1 4. Bu,.2 
a 5Y ( : ) = a * gy * 
v v 2 << Ov Our 
a v Sn by” 


and (df.v,df.w) = e?’(v, w) becomes 


iB) (te Bt) (Bn (Bet Be 
(4.2) = e??(ylw! + v?w?). 


If this holds for all v and w in R?, then, choosing v = w = (5) and 


v = w = (°), we have 


a= Ge 
Similarly, setting v = @) and w = C) yields 


dudu , v dv _ 
ee) Ox Oy | Ox Oy 
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: r 2 A 
Equating the two expressions in (4.3), multiplying by ( =) , and using 
(4.4), we have 


(Ges) ten) - Gali) Gel 


= (YB) (YY 

~ \Or/ \Oy Ox] \Oy/ ~ 
Therefore gu = ao If Ges = ae (4.4) gives 7 = — ge unless 
Bt = a. = 0, in which case (4.3) gives ge = a: ae if 
ie = a then BS = a unless oe = = = 0, and then $° = oa 


Consequently, conformality implies holomorphy or anti-holomorphy. 
Conversely, substitution of (4.1) into the left side of (4.2) yields the 
right side of (4.2) with e?7 = eae + (34)’. oO 

Thus we see that the plane is rich in conformal maps; in particu- 
lar, every holomorphic function on an open set U with non-vanishing 
derivative is a conformal map. To note this abundance more dramat- 
ically we state the celebrated Riemann Mapping Theorem. 


We say that a set U C R?® is simply-connected if every simple 
closed curve lying in U is contractible within U (or equivalently has 
its interior in U). 


Theorem 4.3. Let U be an open, connected, simply-connected set 
C R? other than R? itself. Then there exists a one-to-one conformal 
map f of U onto the open unit disk (Figure 4.1). 


f 


_< 


Figure 4.1 
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Of course f~' is a conformal map of the open unit disk onto U. 
Thus, if U and V are two open, connected and simply-connected sets 
in the plane, neither being the plane itself, let f and g be conformal 
maps of U and V respectively onto the unit disk. Then g-!0 f isa 
conformal map of U onto V. 


The theorem says nothing about the extension of the mapping to 
the boundary of U. If the boundary of U is a piecewise differentiable 
curve, then such an extension is possible such that f is a continuous 
map, but it is not necessarily conformal on the boundary. For ex- 
ample, if U is a square and V is a rectangle which is not a square, 
then g~! o f as above is a conformal map of U onto V obtained by 
mapping through the unit disk. While the boundary is mapped to 
the boundary, it is known that there does not exist a conformal map 
of a square onto a non-square rectangle which maps the vertices to 
the vertices ((21], pp.14-15). 


EXERCISES 


dieshow thataw= abu is a conformal map of the open unit disk 
onto the “exterior” of the parabola v? = 4(1 — u) (Figure 4.2). Show 
also that the images of the four concircular points oT i, >, 3 are 
non-concircular. 

2. A more dramatic example is given by w = e~!/* as a locally 
conformal map defined on R? — {(0,0)}. Draw the images of circles 
centered at z = 0 with radii 1, 5 i. (The reader with some knowl- 
edge of complex function theory will recognize the point z = 0 as an 
“essential singularity” of the function.) 


3. Show that the Koebe function 


defines a one-to-one mapping of the open unit disk onto the plane slit 
along the ray (—oo, — 4]. 


4. Identitfying a vector v given in classical notation by v = v'i+v?j 
with the complex number v = v! + iv’, show that the inner product 
is given by (v, w) = Rvw. 
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Figure 4.2 


5. Let f be a holomorphic function with non-vanishing derivative on 
U. Using the identification of Exercise 4, show that df,v = f’(z)v, 
the multiplication on the right being complex multiplication. Then 
show that 


(df.v, dfzw) = (f'(z)v, f’(z)w) = |f'(2) Pv, w), 


again proving that f is a conformal map. 


Chapter 5 


Conformal Maps in 
Euclidean Space 


5.1. Inversion in spheres 


Having seen the abundance of conformal maps in the plane, we ask 
if there are as many conformal maps in R” for n > 3. We shall see 
that dimension 2 is indeed exceptional in its richness of conformal 
mappings, and that the only conformal maps in Euclidean space are 
those that generalize the Mobius transformations—that is, mappings 
that are generated by similarities and inversions in spheres. This was 
first proved in dimension 3 by Liouville in 1850 [22]. The standard 
proof of this requires that the mapping be at least of class C? and 
requires some knowledge of differential geometry. In the next chapter 
we will briefly review some differential geometry and give the standard 
or classical proof. A more recent differential geometric proof was given 
by Huff [20]; it is also for C? mappings. The result is known for C’ 
mappings [19], but this is difficult. In 1960 R. Nevanlinna [26] gave 
an elementary proof for C4 mappings which we present here (see also 
[9], pp. 168-174, and [10], pp. 136-142). 


We begin with a study of inversion in a sphere. Let S;,(xo) be 
the sphere centered at xo with radius 1, i.e. 


S, (xo) = {x € R”||x — xo| =r}. 
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Inversion in S,.(xo) is the mapping g : R” — {xo} —> R” defined by 
>& —= >.<0) 


7 
x) =X - 
g(x) eg Ix — xo|? 


Note that x and g(x) are on the same ray emmanating from xg, and 
that the product of the distances of x and g(x) from xo is equal to 


7, 


Since g maps R” — {xq} onto itself, gog is defined on R” —{x } and 
is the identity there. Thus by the chain rule the matrix of dg (x) 0dgx 
is the identity there, and, taking determinants, we see that dg, is 
non-singular, i.e. the Jacobian of g at. x € R” — {xo} is non-zero. 


Without loss of generality take x9 to be the origin and r = 1; 
this may be thought of as a choice of coordinates or the result of 
composition of g with similarites. g is now given by g(x) = x/|x|°. 
The matrix of dg, is then 


|x|? — 2(a1)? —221 xr? 
= 272) |x|? — 2(a?)? 
ix|4 ae Ae Ae 

—Qrryr-1 |x|? = 2a)" 
Applying this to a vector v € R” as a column vector we obtain 

v|x|? — 2x1 (x, v) 

1 | v*|x|? — 22?{x, v) 

x|* 


v"|x|? — 2a" (x, v) 


Therefore 
(dgxv,dgxv) = a S(vélx? — 2x (x, v))? = Iv/? 
Ix| 2—1) Pha 
i.e., we have (dgxv,dgxv) = e27 (vv) for any v € R” and any 


x € R” —{(0,... ,0)}, wheree?? = 1/|x|*. Replacing v by v + w, we 
see that 


(dgxv,dgxw) = e”’ (v, w), 


giving the following result. 


Theorem 5.1. Inversion in a sphere is a conformal map. 
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In general the characteristic function e? of inversion in the sphere 
of radius r and centered at xo is r?/|x — xo|?. 

We shall now show that inversion maps hyperplanes and spheres 
in R" to hyperplanes and spheres. By a hyperplane we mean an 
(x — 1)-dimensional linear subset of R”; it is given by an equation of 
the form )>;_, Aiz’? = D, A;,D € R. The sphere S,(x9) of radius r 
about xo is given by 

n Tr nr 

ae Sa =r" or ASIGe! 4c ye Baer Cc =0, Ae 0. 
i=1 i=1 i=1 

If D = 0, then )>"_, Aj’ = 0 is a hyperplane through the origin, 
so, considering inversion in the unit sphere about the origin, every 
ray from the origin in the hyperplane remains in the hyperplane. 
If y = g(x) = jg, then eo Tae so if D # 0, then g maps 
De 2 4ce* = Dinto 


Diy)? — >_ Ai’ = 0, 
i=1 
which is a sphere passing through the origin. Similarly, a sphere 
passing through the origin (C = 0) is mapped to 


39 Biy’ =A, 
= 


which is a plane. Finally, the sphere A -)_,(z’)? +o, Biz'+C =0 
is mapped to the sphere 


Cly?+>_ By’ +A=0. 
i=1 
Thus, as in the case of plane inversion (Theorem 1.1), we have the 
following theorem. 


Theorem 5.2. a) The inverse of a hyperplane through the center of 
inversion is the hyperplane itself. 

b) The inverse of a hyperplane not passing through the center of 
inversion is a sphere passing through the center of inversion. 

c) The inverse of a sphere through the center of inversion is a 
hyperplane not passing through the center of inversion. 
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d) The inverse of a sphere not passing through the center of in- 
version is a sphere not passing through the center of inversion. 


Corollary 5.1. Inversion in a sphere maps lines and circles to lines 
and circles. 


Proof. A line in R” is the intersection of n — 1 hyperplanes, and a 
circle is the intersection of n — 1 hyperplanes and spheres with at least 
one sphere. In any case the inverse of these n — 1 hyperplanes and 
spheres is a collection of n — 1 intersecting hyperplanes and spheres. 

O 


Theorem 5.3. If two inversions g; and gz have the same center, 
their composition is a homothety. 


Proof. Suppose gi (x) = es and go(x) = R?Z; then 


|x| 


< e R? 
(g2°91)(x) = Re =. oe am jar 
rid 


O 
Theorem 5.4. If two inversions g, and go have centers xy and yo 


respectively and if g2°g1 is a similarity, then xg = yo. 


Proof. Suppose xy # yo, and consider a hyperplane which does not 
pass through xo and is such that its image under g, is a sphere passing 
through x and not through yo. Then the image of the hyperplane 
under g2°g; is asphere, and hence, since similarities map hyperplanes 
to hyperplanes, g2 © g; is not a similarity (Figure 5.1). 0 


EXERCISES 
1. For dimension n = 2 show that the mapping 
g(x) = Xo + r?(x — x9) /|x — xo|? 
is the same as inversion in a circle. 


2. Find the image of the plane x* = 0 under inversion i the sphere 
(x’)? + (a7)? + (23 — 1)? = 1. Give another proof that stereographic 
projection is a conformal map. 
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Figure 5.1 


3. Define and give coordinate formulas for stereographic projection 
of R™ onto a sphere S” C R™*!, 


4. Consider a torus (anchor ring) in R? and an interior point O of the 
solid torus. Invert the exterior of the torus in a sphere with center O. 
In Exercise 3 we saw that S® is the union of R® with an ideal point 
oo. Show that S° is the union of two solid tori with their boundaries 
identified. 


5. Generalize Exercise 4 of Section 1.3. 


6. We end with this exercise, which will be used in the next section. 
Let |x — xo| = r, r € [ri, 72], be a family of concentric spheres and 
let x(t) be a C' curve intersecting the spheres such that x’(t) is 
orthogonal to the spheres. Show that x(t) is a segment of a ray from 


Xo- 
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We now proceed to prove our main result that the only conformal 
maps in R” are those generated by similarities and inversions. Let 
f : U — R” be a conformal map defined on an open set U C R”. 
Then, as we have seen in Section 3.3, 


(dfxVv, dfxw) = e27{x) (v,w) 
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for all vectors v,w € R” and some real-valued function o on U’. In 
particular, the characteristic function e” is related to f by eM *) = 
ldfxv|/|v| for all v # 0. We begin with a difficult lemma giving 
a strong implication of the conformality of f on the function o. 
Throughout the remainder of this chapter we will assume that f is of 
class C4 and that the dimension n > 3. 


Lemma 5.1. Let f be a conformal inap with characteristic function 
e7\) _ Ifo is not a constant, then d?(e~°)x(v, w) = a(v,w) for some 
constant a. 


Proof. Let v;,...,V, be n mutually orthogonal unit vectors in R”. 
Theand/,.vand/.v;) = eu (vi,v;). Differentiating this, we have (see, 
e.g., Section 3.2) 


(d? fic(Vis Ve), Ufx(vy)) + (dfx(vi), d fa(v5, Ve) 
= 2e?? (v;, v;)dox(vi). 
Cyclicly permuting the indices 7, 7,k, we also have 
(4 fx(Vk, V3), Uax(vi)) + (fx (ve), O fa (vi, V5) 
= 2e?? (vn, vi)dox(v;), 
(d? fic(v3, Vi) Ufx(vie)) + (dfx (v5), df (Ves Vi)) 
= 26 (v5, Vk) dox(vi). 
Adding the last two equations and subtracting the first gives 
(d? fc(vj, Vi), Hx (vE)) 
= €°7 (vg, Vi)dox(vj) + (V3, Vk)dox(vi) — (Vis Vj) dox(ve))- 


Therefore, since {df,(v;)} is an orthogonal basis of R”, it follows that 
{e~ dfx (vx)} is an orthonormal basis, and for i 4 j we have 


(5.1) d” fx (v5, Vi) = dox(v;)dfx(vi) + dox(vi)dfx(v;), 

and for i = j 

(5.2) d’ f,.(vi, vi) = dox(vi)dfx(v;) ~ S$" dox( Mit RR). 
ki 


Note that so far we have not required that o be non-constant. 
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Suppose now that i # j. Then, multiplying equation (5.1) by 
e 7, we have 
ed? fx(vj, Vi) + d(e~) (V5) dfx (vi) + d(e~?) x(vi)df(v;) = 0. 
Differentiating again gives 
d(e~* )x(Vie)d” fx (vj, Vi) + ed? fx (V5, Vi, Vi) 
+d?(e~°) (V5, Vi) dfx (Vi) + d(e~°) (vj)? fa(Vi, Vi) 
+d7(e~°),. (vi, veldf(v;) +d(e~");.(vild* fx(v;, ve) = 0. 

Now the second, fourth, fifth and the sum of the first and sixth terms 
are symmetric in 7 and k; therefore, since the right hand side (triv- 
ially) is symmetric in i and k, the third term must also be symmetric 
in 7 and k. Thus, for distinct 1, 7, k, 

ae (e” 7 )e(vjs Vee V2) 0a" (e~7) (v5, Vela tve) 
Since k # i, it follows that df,(v;) and df,(v,) are linearly indepen- 
dent, and hence 

d*(e~7),(u, v) =0 

for all orthogonal vectors u and v. Note that we have used n > 3 in 
our argument. Now, by Theorem 3.7, 


d*(e~°),(u, v) = a(u, v). 


Thus it remains only to show that a is a constant; but this is 
relatively easy. First, by differentiation, 


d?(e~7),(u, v, w) = dax(w)(u, v); 


notice that f must have derivatives of order 4. Interchanging u and 
w, we have 

(da,(w)u — da,(u)w, v) =0 
for any v. Therefore dax(w)u — da,(u)w = 0, but choosing u and 
w independent we see that da,(w) = 0 for any w, and hence that a 
is a constant. O 


We now state and prove our main theorem. 


Theorem 5.5. Let f be a one-to-one C* conformal map of an open 
set U C R® onto f(U), and suppose that n > 3. Then f is a compo- 
sition of similarities and inversions. 
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Proof. By the preceeding lemma d?(e~”)x(v, w) = a(v,w), where 
a is a constant. Thinking of d?(e~7)(v, w) as d(d(e~ 7)(v))x(w), we 


see that a b 
n ra) Oe o ‘ P F r 
Soa —U of SoS wr 
Lo pl 
= ea O2 4 


for all v and w. Therefore 


for every 7, and hence 


= I (gi — wd) 
a Lovie or 


for some constant vector xo and a v; that is, 


de7" ' 
= = a(z' = x9). 
Integrating a second time, we see that 
(5.3) e 7X) = Alx — xo|? + B, 


where A = a and B are constants. 


Now, since f is a one-to-one mapping of U onto f(U) with df, 
non-singular for every x € U, it follows that f~! : f(U) — U also 
satisfies dfy* non-singular, y = f(x), and 


(df, 'v, dfy 'w) = e~*?(v, w) 
(see Exercise 2 in Section 3.3). Thus f~! is a conformal map with 


characteristic function e~°°f '. Applying the above argument to -_ 
we have e7(*) = e~(-9°f "Y(¥) = Cly — yo|? + D, and hence 


(Ax — xo|? + B)(Cly — yo|? + D) = 1. 


Thus if A 4 0, f maps the sphere |x —xo| = r to the sphere |y — yo| = 
R, where (Ar? + B)(CR? + D) =1. 

Consider a segment of some ray emanating from xy and lying 
in U, say x(t) = ta+ xo, ¢ € [t), to], where a is the unit vector 
in the direction of the ray. Since x(t) is orthogonal to the spheres 
{x — X9| =r and f is conformal, the image curve y(t) is orthogonal 
to the concentric spheres |y - yo| = R and hence y(t) is a segment of 
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a ray from yo (see Exercise 6, Section 5.1). From (5.3) the length of 
the image segment from t) to any 7 € [t1, tg] is 


[ woa=- [ewoa= f 7A, 
al ty ty At? + B 


which for A # 0 and B # 0 is a transcendental function of r. On the 
other hand, 

(Ati + B)(Cly(t1) — yo? + D) =1 
and 

(Ar? + B)(Cly(r) — yol? + D) = 1; 


thus we see that the length of the image segment, |y(7) — y(t,)|, is 
an algebraic function of 7. Consequently either A = 0 or B = 0. 

Suppose A = 0; then e? = 1/B, which is a constant. Note from 
the proof of Lemma 5.1 that we still have equations (5.1) and (5.2), 
and hence that d?f,.(v,w) = 0 for all v,w € R”. Therefore 


for all v, and hence each Of*/0z’ is a constant, say S*. Integrating 
again gives f*(x) = \"_, Sz’ + T*, or, letting S be the matrix 
whose components are the S*’s (k, the row index), 


f(x) = Sx +T, 


where T is the column vector of T*’s. Also S is the matrix of dfx, 
and hence (Sv, Sw) = 33 (v,w) for all v.w. Now, for any two points 
X1,X2, 
1 
|f (x1) — f(x2)| = |[S(x1 — x2)| = Bm — Xl, 

and f is a similarity. . | 

If B = 0, let y = g(x) = xo + (x — X0)/|x — Xo|” be inversion 
with respect to the unit sphere about xo and consider the conformal 
map f*(y) = (f og7')(y). Since the characteristic function of g is 
1/|x — xo|?, that of g~! is 1/|y — yo|? = |x — xo|?. Therefore the 
characteristic function of f* is e7™|x — x9|? = 1/A, and hence f* 
is a similarity. Finally, f = f* og, so that f is a composition of an 
inversion and a similarity. 
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Note that we have also shown that any compusition of similarities 
and inversions is either a similarity f, an inversion g, or a composition 
f og of one of each, where g is an inversion in a sphere of radius 1. 
Moreover, the form f og is unique. For if fog = f; og), then 
Gog: =e 1 o f is a similarity, and hence by Theorem 5.4 g and 
gi have the same center. Since both g and g; are inversions in unit 
spheres, g = g:. Therefore f;' 0 f is the identity, giving f = f1. 


5.3. Sphere preserving transformations 


In Chapter 2 we read a paper of Carathéodory proving that transfor- 
mations of the plane that map circles to circles are extended Mobius 
transformations, i.e. linear fractional transformations in z or Z, and 
hence are compositions of inversions and similarities. In this spirit we 
prove the following theorem of Mobius, which assumes the continuity 
of the mapping. 


Theorem 5.6. Let f : U —> f(U) be a continuous 1-1 mapping 
defined on an open set in R”, and suppose that f maps (pieces of) 
planes and spheres in U to (pieces of) planes and spheres in f(U) 
(not necessarily respectively). Then f is a composition of similarites 
and inversions. 


Proof. For any x € U choose xp # x in U and a ball B,(xo) such 
that the closed ball B,(xo) = B,(xo) US,(xo) C U but x ¢ B,(xo). 
Let yo = f(xo), and let S,-(yo) be any sphere about yg. Let g and 
h be inversions in S,(x9) and S,:(yo) respectively. Then ho fog 
is defined on the exterior of B,(xo), and the image of a hyperplane 
lying in this exterior is a hyperplane. Thus, considering intersections, 
ho fog maps lines to lines. Also parallel lines /; and lz are mapped 
to parallel lines, even if the plane of the lines meets B,(x9), for there 
exist non-parallel planes 7, and 72 containing 1, and ly respectively 
but not meeting B,(xo), and | = 7, 17> is parallel to both J, and Ip. 


Now x ¢ B,(xo); therefore x is in the domain of ho fog. Let 
T, : R” —> R” be translation by x, i.e. the vector v € R” is mapped 
to the vector v + x. Then, setting y = (ho f 0 g)(x), we see that 


p=T_yohofogoT, 
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maps the origin to the origin, lines to lines, and preserves parallelism. 
Therefore y maps parallelograms to parallelograms, and so, as a vec- 
tor space transformation, y(v+w) = y(v)+y(w). Consequently for 
a positive integer m we have y(mv) = my(v), and in turn, setting 
u = mv, »(=u) = +y(u). Therefore y(qv) = qy(v) for g a positive 
rational. Now y(0) = 0 implies y(—v) = —y(v), so y(qv) = gy(v) 
for q any rational; but y is continuous and hence y(cv) = cy(v) for 
any c€ R. Thus ¢ is linear, and since it is one-to-one on a neighbor- 
hood of the origin, it is non-singular. Therefore y may be given with 
respect to some basis by a non-singular matrix A. By polarization 
we can write A uniquely as FG, where F is an orthogonal matrix 
and G is a positive definite symmetric matrix. Viewing F and G as 
linear transformations, F' leaves spheres about the origin invariant. 
Now A maps spheres to spheres; so, diagonalizing G, we see that the 
eigenvalues of G are all equal and hence that » is a similarity, namely 
the isometry given by F composed with the homothety given by G. 
Thus 
m-Bol,opol og 


is a composition of similarities and inversions. O 


Chapter 6 


The Classical Proof of 
Liouville’s Theorem 


6.1. Surface theory 


In this chapter we give the standard or “classical” proof of Liouville’s 
theorem that in dimension 3, the only conformal maps are those gen- 
erated by similarities and inversions. This is not Liouville’s proof |22] 
and requires some knowledge of the differential geometry of surfaces 
in Euclidean space. We develop it very briefly in this section; for 
more detail see any of (9], [23], [27]. Chapter 7 also requires this 
knowledge. 


We will begin, however, with a review of curve theory in the 
plane. Curve theory in the plane will be developed further in Section 
7.1. In classical notation, let x(t) = x! (t)i+ x?(t)j be a curve in 
the plane given parametrically in terms of the position vector of each 
point, and suppose that r!(t) and x(t) are differentiable functions of 
t. In particular, we will assume that .c!(t) and x?(t) have continuous 
derivatives of sufficiently high order for our arguments; class C® will 
be sufficient. We will often simply refer to the curve as being smooth. 
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Recall that the derivative of a vector valued function is defined 
by the following limit, if it exists: 


A curve x(t) is said to be regular if x’(t) # 0 for all t in the domain of 
x. For a regular curve, x’(t) is said to be tangent to the curve, and, 
in general, x’(t) is called the velocity vector of x(t), regarded, from 
the dynamical point of view, as the trajectory of a moving particle. 


Letting s denote arc length along the curve from some point, 


recall that 
gO Va) ta) 


a we may define the unzt "abel field to a regular curve by T = 


ABT: By the chain rule, T = ©. Thus if arc length is chosen as the 
cilia the derivative gives ite unit tangent field along the curve. 

Since (T, T) = 1, differentiation yields (T, a) = = 0. “These an is 
perpendicular to the curve. We define the principal normal N to a 
regular plane curve to be the unit vector at each point that advances 
the unit tangent by 5 (see Figure 6.1). Intuitively, curvature should 
mean the rate of ee of direction as we move along the curve; thus 
we define the curvature k(s) of x(t) by 


2 = IN: 

this equation is known as the Frenet equation of the plane curve. 
Many differential geometers define N to be the unit vector field in 
the direction of ae and the curvature by k = |F | for plane curves, 
and almost universally the principal normal and curvature of space 
curves are defined this way. For our purposes, especially in Chapter 
7, it will be essential to have the notion of a signed curvature (Figure 
Gol). 


Also from (N,N) = 1, we have that aN j is perpendicular to N 
(N 


and hence collinear with T. Differentiating (N,T) = 0 then gives the 


second Frenet equation, aN = —KT. 


6.1. Surface theory 97 


T N 
S T 
K>0 K<O0 
Figure 6.1 


Since T is a unit vector, we can write T = cos ¢i + sin dj. Then 
N = —sin ¢i+ cos gj and 


dT : dé, dé, 
ioe —(sin $) 7,3 + (cos d) aes" 
Thus from the Frenet equation we see that 
do 
he) ae 


For example, for the circle x = acos #i+asin 9j of radius a, arc length 
is given by s = a? and ¢=6+ 4. Thus k(s) = ue = 1, 

Turning now to surface theory, a piece of a regular surface or a 
coordinate patch is a smooth one-to-one map x of a neighborhood 
U Cc R? into R® given explicitly as a vector-valued function of two 
parameters: x(u',u?) = (x!(u!, u),2?(u!, u?), 23 (u', u?)) such that 
x ise -1©@°, C*, etc.) and 


xX; X Xo #0 (the regularity), 


where x; = £%, pe 5. 


A surface in R? is a subset M Cc R® such that for every point 
p € M there exists a coordinate patch x :U —> R?° with x(/) Cc M, 
péx(U), andifx:U — M andy: V — M are coordinate patches 
with images U/’ and V’ with U’n Vv’ #0, then the map 


ytox:x ((U'nv’) — ya iy 
has non-vanishing Jacobian (see Figure 6.2). 


The regularity condition x; x x2 # 0 enables us to define a local 


unit normal field n by 
X41 X XQ 


1 = ere 
[x1 xX X9| 
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al 
2+)» 


Figure 6.2 


If a surface M is orientable, n may be taken globally (see e.g. [9]). 


Consider a curve x(u'(t), u?(t)) on the surface, where u!(t), u?(t) 
define a regular curve in the parameter domain U C R*. Then 


dx du} du? 


“a a hee” 


Now x: and x2 are tangents to the parameter curves, and hence ie 
lies in the plane determined by x, and x2. In particular, the tangents 
to all regular curves through a point of a surface M and lying in the 
surface are coplanar, and we call this plane the tangent plane to the 
surface at the point. We denote the tangent plane to M at p € M 
by T, Af. Note that at each point of the surface the unit normal n is 


perpendicular to the tangent plane at the point. 


The length of a regular curve x(u!(t),u?(t)) on the surface be- 
tween the points given by t = t) and t = ¢, is given by yf |x’ |dt. 
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Thus, if we denote arc length by s, then 


du! \? du! du? 
= (x1.%1)(—) + 2(x), X») ro ex 

or ds* = E(du')? + 2Fdu'du? + G(du?)?, where E = (x,,x,), F = 
(x1,X2) and G = (xy, x2). Now by the chain rule one shows that ds? 
is invariant under a change of coordinates, so ds? may be regarded 
as globally defined on the surface. The expression ds? = E(du')? 4- 
2F du' du? +G(du")? is called the first fundamental form of the surface. 
Viewing ds® as being given by the matrix (££), it follows that ds? 
is a positive definite symmetric bilinear form. 

Note also that EG—F? = (x,,x1)(xX2, X2)—(x1,X2)? = |x, Xx’. 
We define the area of a piece of a surface by [f,, VEG — F?dA, 
where U is the coordinate domain. Under a change of coordinates, 
VEG — F? is multiplied by the absolute value of the Jacobian of the 
coordinate transformation, in agreement with the usual change of 
variables in a multiple integral, and so we may define the area of a 
surface by this integral. 

We now want to differentiate the unit normal field as we move 
around on the surface. For a regular curve x(u!(t),u?(t)) on the 
surface, restrict n to the curve. Then. since n is of unit length, n’ is 
orthogorial to n and hence tangent to the surface. Now define a linear 
map A:7T,M -—> T,M, called the Weingarten map, as follows. For 
a unit tangent vector v <¢ T,M 


= 
where the derivative is taken along a curve on M through p and 
tangent to v; one then shows that this derivative at p is independent 
of the choice of the curve tangent to v. In particular, if v = xj;/|x,], 
then 

dn 1 On 
Av = >= = 


Peace 


and hence Ax; = —On/du’. Since (n,x;) = 0, we have 


0 0*x 
0 = ——-(n,x;) = areegre cs) (x jue 
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and hence, by commutativity of the second partials, we see that A is 
a symmetric operator, i.e. (Av, w) = (v, Aw). 

Since A is a symmetric operator, its eigenvalues K; and Kz are 
real and are called the principal curvatures of the surface at the point 
p. The corresponding unit eigenvectors are called principal directions. 
We now give a geometric interpretation of these curvatures. 


Consider a plane in R® containing the unit normal to M at p; this 
plane intersects the surface in a plane curve, called a normal section of 
the surface (Figure 6.3). Consider the signed curvature of this plane 
curve. 


n 


Figure 6.3 


For each unit tangent vector w we have such a normal section. Now 
at the point p consider the curvatures of the normal sections for all 
directions w at the point. The maximum and minimum of these 
curvatures are the principal curvatures at the point. To see this, 
recall that the curvature « of a plane curve is given by the Frenet 
equation 4+ = kN, where T is the unit tangent and N the principal 
normal, which is defined to be the unit vector at each point that 
advances the unit tangent by >. Thus for normal sections at p we 
may identify the principal unit normal N and the surface normal n, 
the unit tangent at p being w. Then 


dT dn 
n= (Fen) = ~(w, =) = (Aw, w). 


6.1. Surface theory 101 


If Ky A Ke, let wi, we be unit eigenvectors corresponding to the 
eigenvalues K;, K2 respectively. Writing a unit tangent vector w as 
w = cos Ow, + sin 6wo, we have 


k = (Aw, w) = «1 cos” 6 + Kp sin? 6. 


Differentiating gives k’ = 2(K2 — K,)sin@cos@. Thus the extrema 
of « occur for the directions of the eigenvectors of A. Moreover, if 
Ko = K1, then all normal sections through p have the same curvature 
at p, and p is called an umbilical point of the surface. 


Theorem 6.1. If every point of a (piece of a) C® surface is an um- 
bilical point, then the surface is a (piece of a) sphere or a plane. 


Proof. We first show that if every point of a surface is an umbilical 
point, then k = kK, = K2 is constant on the surface, i.e. is independent 


of the point. Since « is the same for all directions at a point, 2. = 
—«x;. Differentiating this, we have 
C’n OK Os 
duidui Bul * “Gutdut’ 

Interchanging the order of differentiation yields 

OK OK 

Bul? = aaa? 
but x; and x2 are independent, so that = = 0 and hence & is a 


constant. 

If « = 0, then = = 0, giving that the field of unit normals is 
constant on the surface. Thus the surface is a plane perpendicular to 
n. 

If « #0, consider x + in. Differentiating gives 

0 
Out 
and hence that x + in is a constant vector, say c. Therefore 


I 
K2’ 


il il 
(x+ =n) =k, — —hx; =), 
K K 


(x—¢,x—C¢) = 


the equation of the sphere of center c and radius TI” O 


A curve on a surface M is called a line of curvature if its unit 
tangent at each point is a principal direction. In particular, if Xs)e3 
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a line of curvature on the surface parametrized by arc length and T 
is its unit tangent, then AT = k(s)T. 

Now for a curve x(s) on the surface, let v = n x T. We define 
the geodesic torsion Tg of the curve by 


dn 
=( —_,V)=—- AT,v : 
y= (Ziv) =-UTy) 
Thus a curve x(s) on a surface is a line of curvature if and only if 
T, = 0 along the curve. 


The product of the prinicipal curvatures, K = & 4:2, is called the 
Gaussian curvature of the surface. The Gaussian curvature has the 
following geometric interpretation. Let S? be the unit sphere in R® 
centered at the origin. For a surface M Cc R®* we now define a map 
vy: M —+ S®, called the Gauss map. For a point p € M, move the 
unit normal n(p) parallel to itself to the origin, and let v(p) be the 
point on the sphere with position vector n(p). Now let / be a small 
neighborhood of p on M; its image v(U/) is a neighborhood of v(p) on 
the sphere. Then, taking the limit as / shrinks to p, it can be shown 
that 

Kip ee 

u->p Area(lU) 
The most remarkable property of the Gaussian curvature is the fa- 
mous “Theorema Ergregium” of Gauss that KK is intrinsic to the 
surface; that is, despite its definition or the above geometric inter- 
pretation, which depends on how the surface sits in R*, A depends 
only on the functions FE’, F,G of the first fundamental form and their 
derivatives. 


If the surface M is a sphere of radius a, then every point is an um- 


bilical point, and hence the two principal curvatures are everywhere 


equal to 4, Thus the Gaussian curvature of a sphere of radius a is 


ae 
a?° 


EXERCISES 


1. Let x(t) be a plane curve and recall its velocity vector x/(t) = aT. 
Show that its acceleration x(t) and its curvature are given by 
ds ds\ 2 (x’”(t), N) 
x"(t) = ST +n(=) N hk hal 
(t) 72 +k eT and k (ey 
dt 
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2. As we noted in passing. for a space curve x(s) we also have the 
Frenet equation ae = KN. Ifthe curve lies on a surface and v = nxT, 
then 


KN = kpN + KgV; 


Kn and Kz, are called the normal curvature and geodesic curvature of 
the curve on the surface. If x(s) is a normal section corresponding 
to a principal direction at a point p, show that x,, is the principal 
curvature and Kk, = 0 at p. 


3. If x(s) is a curve on a surface, show that x(s) is a line of curvature 
if and only if ue +k,T = 0. where «,, is the normal curvature of x(s) 
(Theorem of Rodriques). 


4. If two surfaces intersect along a curve that is a line of curvature 
for both surfaces, prove that the angle between the (tangent planes of 
the) surfaces is a constant along the curve. Conversely, if two surfaces 
intersect along a curve that is a line of curvature of one of them and 
the angle between the surfaces is a constant along the curve, prove 
that the curve is a line of curvature of the other surface (Theorem of 
Joachimsthal). 


6.2. The classical proof 


To give the classical proof of Liouville’s theorem, we need the idea 
of a triply orthogonal family of surfaces and a theorem of Dupin. A 
triply orthogonal system consists of three families of surfaces in an 
open set in R® with one surface from each family passing through 
each point and such that the tangent planes at each point are mutu- 
ally perpendicular, as, for example, the level surfaces of three smooth 
functions of three variables for which their gradient vectors are mu- 
tually orthogonal. Two particular examples are the following: 


Example 6.1. In cartesian coordinates z',aya°, the planes x’? — 


const., i = 1,2,3, form a triply orthogonal system. 


Example 6.2. The family of spheres concentric about the origin, the 
family of right circular cones with axes coinciding with the z-axis, 
and the family of planes through the x°-axis, form a triply orthogonal 
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system; these are the level surfaces of the standard spherical coordt- 
nate functions. 


We now prove the following theorem of Dupin. 


Theorem 6.2. The surfaces of a triply orthogonal system intersect 
each other in lines of curvature. 


Proof. Let M,, M2, M3 be three surfaces, one from each family, and 
let x1(s) = M2M M3, xe(s) = M39 Mi, x3(s) = M; M Mo be the 
curves of intersection parametrized by arc length with x{,x},x3 a 
right-handed triple at p = M, M M2 M3. As in our discussion of 
geodesic torsion, set Va, = Np X Ta, a,b = 1,2,3. Consider x;(s). 
Then as a curve on Mo, vig = no X T; = —nz; as a curve on M3, 
Vi3 = n3 X T,; = ng. Now on Mg, the geodesic torsion is given by 


a Ve, ee SS 
ds SIP] ie ’ a 2 ae = Wala} ds ’ 


which is the geodesic torsion on M3; we denote this common value of 
the geodesic torsion by es Also from this computation note that 


dn 
(no, oe = —(A3Tj,Mpo). 


For the curve x2(s), 


dn dn. 
tT? == (Fva) = -( Fm) = (A3T2, mi). 


Therefore at the point p of intersection of the three surfaces we have 
oF ala G = —(A3Tj, no) + (A3T2,n}4). 
Noting that T, = ng and using the symmetry of the Weingaten map 
A3, we have 
1 + hed = —(A3n1, n2) + (Agno, n;) = {U}, 


Similarly 77 +73 = 0 and r3 +7} = 0, and therefore i) = ae 

0. 2 O 
We can now give the following theorem of Liouville and its proof: 

recall that conformal maps are regarded as being non-singular. 
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Theorem 6.3. Let f be a one-to-one C® conformal map of an open 
set U C R® onto f(U). Then f is a composition of similarities and 
INVETSLONS. 


Proof. Let M c U be a piece of a plane or sphere, p € M and 
v €7T,,M. By rotating and translating the triply orthogonal systems 
of Examples 6.1 or 6.2, as necessary, we obtain a triply orthogonal 
family of surfaces with M in one of the families and with v tangent 
to a curve of intersection. Now by the conformality f maps this 
triply orthogonal system to another triply orthogonal system. By 
the theorem of Dupin the curves of intersection on f(M) are lines 
of curvature. Therefore, since f is non-singular, there exists a line 
of curvature in any direction at any point of f(M). Therefore every 
point of f(A7) is umbilic, and hence f maps (pieces of) planes and 
spheres to (pieces of) planes and spheres. The result now follows from 
Theorem 5.6 of Mobius. O 


Chapter 7 


When Does Inversion 
Preserve Convexity? 


7.1. Curve theory and convexity 


In this chapter we pose and answer the following question: Given a 
smooth closed convex curve in the plane, what is the set of points 
in the plane as centers of inversion for which the image of the given 
curve will again be a convex curve? In this section we continue our 
treatment of curve theory from Section 6.1, and then in the next 
section we prove our result. Since the proof involves checking the 
convexity of the image curve, one of the main ideas of the present 
section is a test for convexity. 


In Section 6.1 we introduced the unit tangent and principal nor- 
mal to a plane curve and the signed curvature & (see Figure 6.1). 


Recall also the simple example, that, for the circle x = acos6i+ 
asin 0j of radius a, arc length is given by s = a@ and 9 = 6+ 5. 
Thisen(s) = i = 1, The circle tangent to a curve at a point x(s), 
of radius ma and on the side of the tangent line determined by the 


direction of a is called the osculating circle of the curve at x(s). If 
K is zero at x(s), the tangent line has “second order contact” at x(s), 
and we call this line the osculating circle; moreover, since we will be 
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dealing with convex curves, the interior of the osculating circle will, 
in that case, be the open half plane containing the curve. 


Example 7.1. For example, z+ + y’ = 1 is a simple closed convex 
curve whose curvature at the points (+1,0) and (0,41) 2s zero and 
whose osculating circle is the tangent line. At all other points the os- 
culating circle is indeed a circle; e.g. at (1/2'/4,1/2'/*) the osculating 


circle 1s 
Fel 4 a 5) 
e—-——— ) + 1y- —— | = —. 
3(21/4) 3(21/4) 9 


It is well know that an arc of a smooth curve x(s) with increas- 
ing positive curvature determined by an interval [so, s;] lies within 
the osculating circle at x(so). It is less well-known that the entire 
osculating circles at the points of the arc lie in the osculating circle 
at x(so). This is a result of Kneser (1912) (see [17]), which we give 
here as a lemma. 


Lemma 7.1. Any osculating circle of an arc of a smooth curve with 
monotonic curvature of constant sign contains every smaller osculat- 
ing circle of the arc and is contained in every larger osculating circle 
of the arc. 


Proof. Let x(s) be a smooth curve and x(sg) a point on the curve. 
Suppose that «(s) is positive and increasing on [so,s,]. We shall 
show that for every s € (so, Si] the osculating circle at x(s) lies in 
the osculating circle at x(so). Let c(s) = x(s) + +N be the curve 
of centers of the osculating circles, and denote differentiation with 


respect to s by ’. Then c’ = —5N, and hence, setting R = aS and 


nes 1 
Ro = (80)? 


le(s) — €(s0)| < i alae 


80 K(u)? 
Thus, if y is in or on the osculating circle at x(s), then 

ly — e(so)| < ly — ¢(s)| + |e(s) — e(s9)| < R+ Ro — R= Ro, 
completing the proof. , O 


A set of points in the plane (or in R”) is said to be conver if for 
any two points in the set, the line segment joining them is contained 
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in the set. A simple closed curve in the plane is said to be conver if 
its union with its interior is a convex set. 


In some differential geometry books where the emphasis is on 
smooth curves, we find the following definition. A regular curve in 
the plane is convex if it lies on one side of each tangent line. This is 
not unreasonable in view of the following basic theorem of convexity 
theory. A supporting line for a set in the plane with interior points is 
a line through a boundary point such that all points of the set are in 
the same closed half plane determined by the line. 


Theorem 7.1. A simple closed curve is convex if and only if through 
each of its points there is at least one supporting line for the interior. 


For our study of the problem of when inversion preserves convex- 
ity we well need a test for convexity in differential geometric terms. 
Fortunately we have the following classical and natural theorem at 
our disposal (cf. [23], Section 3.3). 


Theorem 7.2. A simple closed regular smooth plane curve x(s) is 
convex if and only if k(s) does not change sign. 


Proof. Suppose « does not change sign and x(s) is not convex. Then 
there is a point A such that x(s) does not lie on one side of the tangent 
line 1 at A. Since x(s) is closed, there are points B and Con the curve 
on opposite sides of | which are farthest from |. Now the tangent lines 
at A, B and C must be distinct and mutually parallel. Thus at two 
of A, B, C the tangent vectors point in the same direction. Therefore 
there exist s1 < so with T(s,) = T(s2) and ¢(s2) = ¢(s1) + 2mn. 
Since K(s) = ‘e does not change sign, @ is a monotonic function of 
s. Ifn =0, then @ is constant on [s, 82]. If @ is uon-decreasing and 
n #0, then n = 1, since x(s) is simple (this implication, as obvious 
as it seems, also requires proof and it is not entirely trivial; it is often 
refered to as the Rotation Inder Theorem, see e.g. [23], Section 3.2). 
Therefore ¢ is constant on [0,s,] and [s2, L], where L is the length of 
the closed curve. Therefore one of the segments between x(s,) and 
x(s2) is a straight line, contradicting the distinctness of the tangent 
lines at A, B and C. 

Conversely, suppose that x(s) is convex but that ¢ is not mono- 
tonic. Then there exist s; < so < 82 in [0,L] with $(s1) = ¢(s2) ¥ 
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@(s0). We shall contradict this by showing that @ is constant on 
[s1. Sy]. Now T(s,) = T(s2), but since x(s) is a simple closed curve, T 
points in every direction. Thus there exists s3 with T(s3) = —T(s1). 
If the tangent lines at s,, so, $3 are distinct, then one is between. 
the other two, contradicting the convexity. Therefore two of these 
lines coincide and there are points A and B of x(s) lying on the same 
tangent line J. If C € AB and C is not on x(s), let l’ be the perpen- 
dicular to | at C. Again by convexity, l’ is not tangent to x(s), and 
hence it meets x(s) at two points on the same side of 1, say D and E, 
with D closer to /. Then at least one of A, B and F is on each side of 
the tangent at D, again contradicting convexity. Thus C’ must lie on 
x(s), and hence ¢ is constant on [s,, 52], completing the proof. O 


7.2. Inversion and convexity 


We now turn to the question raised at the beginning of this chapter, 
namely: Given a smooth closed convex curve in the plane, what is the 
set of points in the plane for which, when taken as centers of inversion, 
the image of the give curve will again be a convex curve? The question 
was first prompted by a question in fluid mechanics where the given 
curve was an ellipse, and this special case of the result was obtained 
by J. B. Wilker [28]. The general question was answered by Wilker 
and the author in [5]. 


Theorem 7.3. Let C be a smooth simple closed convex curve. A 
point interior to C is a center of inversion preserving convexity if 
and only if it lies in the intersection of the interiors and boundaries 
of the osculating circles at the maxima of the curvature (C traversed 
counterclockwise). A point exterior to C is such a center if and only 
if it lies in the intersection of the exteriors and boundaries of the 
osculating circles at the minima of the curvature. If C is not a circle, 
inversion with center on C does not preserve converity. 


Proof. The main part of the proof will be to show that a point 
serving as a center of inversion preserving the convexity of the curve 
lies in the intersection of the interiors (resp. exteriors) and boundaries 
of all the osculating circles. The fact that it is enough to take the 
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osculating circles at the maxima and minima of the curvature is then 
a consequence of the lemma of Kneser. 


Since the composition of two inversions with the same center is 
a homothety (Theorem 5.3), which preserves convexity, the radius of 
the circle of inversion is immaterial in our problem and we take it to 
be 1. If the vector x9 denotes a center of inversion and x* the inverse 
of a point x, then inversion in the unit circle about xo is given by 
x* = Xo + eee 
|x a Xo|? 


As x traverses C we have the following computations: 


*F id 2 ai Xo) (x x ) 
© x= xo k= xl? 2 
ds* th 2(T, x — Xo) 
*/ = — = —___, i pe = ap ~~ 
| ds  |x—xo|? |x — Xo|? 9) 
al. (T,x — xo)? 
(Sex - xo) = —K(N,x — xp) — mT Pi xol? 
Also 
(N*,x*—xo) _ (N,x — Xo) 
|x* — Xo| [x — Xo| 
and 


(een) an 7 Ns 0) 
( |x — Xo| ) +( |x — Xo| ) i 
Thus from dT*/ds* = x*N* we have 


K* = —K|x — xq|? — 2(N, x — Xo). 


We now regard C as being traversed counterclockwise, so that 
k > 0. If xo is interior to C, the inverted curve will also be traversed 
counterclockwise, and hence, if it is also convex, then x* > 0 (see 
Figure 7.1). Therefore —«|x — xo|* — 2(N,x — xo) > 0. Writing in 
standard cartesian coordinates N = ai+ bj, x = (z,y) and setting 
R=? for x £0, this inequality becomes 


(xo — (x + Ra))” + (yo — (y+ Rb))? < R’. 


Therefore Xo = (Zo, yo) lies in or on the osculating circle at x € C. 
For k = 0 the inequality becomes 


a(xo — x) + b(yo — y) = 9, 
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Figure 7.1 


and Xo is in the desired half plane. 


If xo is exterior to C (see Figure 7.1), the above inequalities are 
reversed. Thus a point serving as a center of inversion preserving the 
convexity of the curve lies in the intersection of the interiors (resp. 
exteriors) and boundaries of all the osculating circles. Now by Lemma 
7.1 we see that it is enough to take the osculating circles at the max- 
ima and minima of the curvature. Conversely, one can reverse our 
argument. 


Finally, if C is a circle, the set of centers of inversion preserving 
convexity is the entire plane. If C is not a circle, inversion about 
any point Xo € C destroys the convexity. For consider the osculating 
circle at Xo and invert both it and the curve with center xo; the circle 
inverts to a line and C inverts to a curve which is asymptotic to the 
line in both directions and is therefore not convex. ~~ O 


We remark that for some convex curves there may be no inver- 
sions that will preserve convexity, e.g. the curve of Example 7.1. 
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Our proof was given in the context of real geometry, but it is 
interesting to relate some geometric ideas to complex analysis, as we 
do in the following exercises. In the exercises below we suppose that 
f(z) is holomorphic and one-to-one on the unit disk, and consider the 
image of a circle r = const. < 1. Typically one also assumes that 
f(0) = 0. For further study along these lines, see e.g. [15]. Recall 
that in Exercise 4 of Section 4.2 we identified a vector v = v!i+ v?j 
with the complex number v = v! +iv? and saw that the inner product 
of two vectors was given by (v, w) = Ruw. 


EXERCISES 


1. For the curve w = f(re’’), r = const. < 1, with 6 as increasing 
parameter, show that the velocity vector, the principal normal and 
the acceleration are given by 

dw Zr e) aw 


wt) Nem cee age =A") +2"). 


2. Using Exercise 1 of Section 6.1, show that the curvature of the 
above curve is 

lzf"(z)| f(z) 
and hence that w = f(re®’) is convex if and only if 


R(1+ et) >0 


1 ( tai), 


(E. Study, 1913). 


3. In Exercise 3 of Section 4.2 we saw that the Koebe function f(z) = 
@2e maps the unit disk onto a slit plane. Show that for 2— /3 < 
r <1, the curvature of the curve w = f(re’’) at the point f(—r) is 


negative. 


4. A smooth simple closed curve C is said to be strongly star-shaped 
with respect to a point P if no tangent line passes through P. Show 
that the curve w = f(re’’), r = const. < 1, with f(0) = 0 is strongly 
star-shaped with respect to the origin if and only if 
n(2) 50 
f(z) 
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7.3. The problem for convex bodies 


In this section we state without proof the corresponding result in 
Euclidean 3-space. That is, given a smooth convex surface in space, 
what is the set of points as centers of inversion for which the image of 
the surface will again be convex? The main ingredient in the above 
proof for convex curves was Theorem 7.2, giving a test for convexity. 
For surfaces in 3-space we do have such a test. The following theorem 
is due to Hadamard [18] for positive Gaussian curvature and to Chern 
and Lashof [7] for non-negative Gaussian curvature. See Section 6.1 
for a discussion of the Gaussian curvature. 


Theorem 7.4. A smooth closed surface M in R® is convex if and 
only if K > 0. 


The initial difficulty with this problem is that, given a surface, 
one does not in general have an osculating sphere. One could define 
a sphere at each point of the surface, tangent to the surface, on the 
appropriate side of the tangent plane and whose Gaussian curvature 
equals the Gaussian curvature of the surface at the point. Such a 
sphere has second order contact with the surface only at an umbilical 
point. Recall, however, that we do have two principal curvatures k1 
and «2, which for K > 0 have the same sign (again see Section 6.1). 
Thus we define the principal spheres at p € M to be the spheres of 
radius 1/|K;|,7 = 1,2, «, #0, tangent to M at p and on the side of 
the tangent plane containing the surface (our surfaces being convex). 
If one (or both) of the «; vanish, define the corresponding principal 
sphere to be the tangent plane and its “interior” to be the half space 
containing the surface. 


We can now state the result given by J. B. Wilker and the author 
in [5]. 


Theorem 7.5. Let M be a smooth closed conver surface in R°. A 
point interior to M is a center of inversion preserving convexity if 
and only if it les in the intersection of the interiors and boundaries 
of all the (small) principal spheres. A point exterior to M is such 
a center if and only if it lies in the intersection of the exteriors and 
boundaries of all the (large) principal spheres. If M is not a sphere, 
inversion with center on M does not preserve convexity. 
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It is rarely taught in an undergraduate or even graduate curriculum 
that the only conformal maps in Euclidean space of dimension 
greater than two are those generated by similarities and inversions in 
spheres. This is in stark contrast to the wealth of conformal maps in 
the plane. 


The principal aim of this text is to give a treatment of this paucity of 
conformal maps in higher dimensions. The exposition includes both 
an analytic proof in general dimension and a differential-geometric 
proof in dimension three. For completeness, enough complex 
analysis is developed to prove the abundance of conformal maps in 
the plane. In addition, the book develops inversion theory as a 
subject, along with the auxiliary theme of circle-preserving maps. A 
particular feature is the inclusion of a paper by Carathéodory with 
the remarkable result that any circle-preserving transformation is 
necessarily a Mobius transfourmation—not even the continuity of the 
transformation is assumed. 


The text is at the advanced undergraduate level and is suitable for a 
capstone course, topics course, senior seminar or independent study. 
Students and readers with university courses in differential geometry 
or complex analysis bring with them background to build on, but 
such courses are not essential prerequisites. 
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